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oIz z G I Nz, MiEEbhi, [RIZEEGERVE0dN] &, THL%E
NHotz, METhE2RTRLEINZ, IS5THIEEEZ —DIZE Nz, TDEHDIT, M
BEbhiz, TOLD2DHEDIZEENEZEDLRE S —D2DHEDIZELEEEN, TDH S —D
DEDIZEEFNZEDONRADOEDIZEEENEIRSHIEX, ZTOZDIFALTHN] &, T
2LZDEIBBDOSEFFEUTHo7z, ThERTHIFELEINA, 25 L T%RIE—D

W27, MEEDEE ) LRI 2IZULZ, BOHTH 5.

WANTHIEEDbNTIZ, [HLHE2LD00HY, £2H2E00Hs50E, ThoiE
B, BEPOHEUMAPZEL L ULEZGEZNSTHEE50bDHN] &, TS5 L THIER
EEoNT, £72H250HBEDDONE/EZ—D2THHDERT, izRLEIN
7zo MIEFHDIZ & OxEEoNT, ThiRLEEIN~, F1HTH S,

HWTHIZEDbNTZ, THLHZ2HDHEEHIE, THIZEENIZBDILEEFNSD
DN6RBEDHN] &, THEEENSWED 72, HIFIRZEEDNE, TOHIZEEN
2H5DIEENBREONLRDZEDEELNTVWE, ThiaRLEINA, 52,3,--- H
T%éo

SIZHITEEZANE SN, TE2E6A, T ULHE2E0250R06E. Z0H S
LEDODELLDEEZTDHILEDHENORIZEDHLELHDOHIN] T 5 LER» D -7,
MixENE Ny AT NEZ, BEwHTH S,

ZFNh S MIdkE L BRI OWTEZ SN, FIZ—2DHDIIH LT, H5H—DE
DEBEBOBEBEEAZ, TUT, IETRTOBERIIHLTEbN T, TBFRR—
DDEDIZH LT, HAM—DHLDZEGROITE251F, TRTOEDITH LT, 1D
ELEDERIFEDERIZEIVEFRITONEZEDNORE2EDHIN] ZLTENSIZ
Holz, MIINERTRLEEINE, Hw-2HTH 3,

ZLTHIEZE b, [HLHZ2HDRH200IE, TNZEENEZELDORLKRE LD
RHLEDETEFLIODON] L, ZNZEDDHSZEHRADZILHANLTHORRT, ik
HLEixNhiz, X ATHD, T8RN HROPESI OS2 0WD%2 R THIZEZ
oo, TNESBOFEE Iz,

MEZDOHE, WK OPDOEFEWREDERONTEILEINENE I P MENTZ, KA
FREER, TholddbohIizdrekdons, [TRTOETRZVWEDIE, ZOEL
L0 —HEELVEDEELLIIIHN] THLIRTOLDEFESIHo7, T5LT
HEDHIFEII N, EEOHPRDDE TR -7z, MidENZRTEBLE I N,
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N THEENED -7, MHEFENZRT, EVEIDRVKEELDEE KL 5Nz,
SEHEBUTNB E NS,

HIZEDOESTZTRTOEDETEIZR > T, INTED >0 Ebigz,
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1.1 E>RER

AECHS HIE ZF B L OZOHIETH D, AFR L LT Kunen [8] 125 20 % 0
RS, HEAS Y € ¥ = IAORESE, BHICLBHIEL LT, 2V xilke LTH
AENBH, E5oLRBLILRI LIcT 5. flXEAMRICHRT 5 0,5(-), C, M%7
WA ) REETH 5.

EE5DOHFEE Jx(r=1).

HIEW VaVy(Vz(z €x <= z€y) =2 =y).

it Ve(Qyyex)=ylyecan-Tz(zexnzey))).
nal (REMX) ZF OFHEOEEDHEA ¢ 122V T,

VeVwy, ... ,w,qygVe(z €y < x € 2 A ).

727U ¢ DHHZEHIZ x,2,w1,...,w, IZHEENDZ2HD LTS,
& VaVydz(z e z Ay € 2).
MEE VZIAVYVz(z e Y AY € Z =z € A).
B (REHERX) ZF OSEOEEOmRHENK ¢ I2DOWT,

VAVwy, ..., w,(Vx € Adlyp = Y Va € Ay € Y o).
72720 ¢ DEHARIE vy, A,wy, ..., w, CEENEZEDELT S,
R Jz(0 e z AVy € 2(S(y) € 2)).

BES VelyWz(zCax=z€y).
BIR VAIR(RIF A 2 BAEFRAT T 5).
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1.2 bootstrap
121 REXRE {z : ¢}, {zrcd: ¢

R ¢ 2T THEEGETANTEDT{z : ¢} &HELZ LTS, 20 Yz : ¢}
i, FDOEETIRZF OB EA TR B EEDXTFHITHS. LELIROWTNDIDH
HEIZ& T, ZF OBROPTHES Z e BN TE 3.

NEMRENMEZ 256 {v : ¢} DA ABPMMOESIZL > THIRSNELETH 5.
EEDOEAS A L o 1T LT, NEMEABIZ X > TES y WMFEEL T, IRe A
723, &

Ve(x ey <= € ANQ).

CDyabobIaiEe LT {r : r€ AN} BEU{z e A : ¢} 2>,
P ISHEE ADFENEAD%0E, THhDBES ADVHFIELT

Va(p =z € ANQ)

EHRETROE (o o) E{rcA : ¢} LFUKKTHS,

WEFERSE LTHRIHBE WAMAMZEHATERWEETY, {z ¢} &, Fiikuidik
BRI SE UTIRO LI ICHATEIENTES. 72720 dlr :=a] T ¢
TOzx DHHEHBHBIZ a ZRALZREXTH 5.

ac{r : ¢} = & olz == al.

122 952X

— IR A IS L TH, IROFTLEEHEAT S.

acAZL A)

72, A B Z2RRGEHIVIFESL L &, IROEEEZEAT S,
A:Bng(xeA < z €B),

ZF DRFEHLFIF € & = ThHo7z. LEM>TERDOREIZL Y, L O Tk
BEEADEISIZES ZENTESL. 20D, ZF Z2HWTHRT I &, RiEE2 7 5 A
EHIEL.

II7AAIZDVWTA={z : Ax)} TH5. NEXKHLDOHTENZLSZ, £E B A
FAELTVe(A(z) = 2 € BAA(2)) 7207224551, {z : Ax)} 3EETHS. Z
DEEABERLLTHS.

HHBIZRVBRWI TIAEEITAL WD, B FAFMMD 7 T APELEDER L5
ZEMTER,

LEE oy 2 DHTHETH > TRESRVDT, TITD y 132 OB TH - I ER S N B4 % Ek
TEAREHTHS.



1.2 bootstrap

123 2TOEEDRTITRA;V
ETDELEDETISAVIZROD IS IZEHFTCES. B

V(z) &L

(z =x).

WERLZMH > THS LIRD LI 5.

Vi={z : z=ux}.

124 Z&EE; 0
A —28E X ZHELT, NEYERMHTHES.
fi={zeX : z#z}.

X PAEST 5 Z & 3HNTEH T 508N H 50, RADFERNBPHER 5.

1.25 {z,y}, {z}, (z,y)

T,y PEZONTWE LTS, ETHORME o,y IEALT, {x,y} 2HNEELT
LSEEBETHD pyy 2FL. IICHAERET,

{z,y} ={2€pyy : z=2V2z=1y}

YEBE, b xS YHIEFA {2y} BESND.
S (o) LI (2, y) RIEERE R S fEN B

{z} = {z,z}.
(@, y) = {{z}, {z, y}}.
NEF 3HZ DWW TIRIRD 72 D 72D

VaVyVa'Vy' ((z,y) = (2',y) =z =2" Ny =).

1.26 BE#RL {f(z) : €A}
WX ¢ BT A A ETHENTHE LTS, Thabb,
Vo e A yo(z,y)
M7-IN5 L5, ISICHIRTHHEBGES f PREREINTVWE LTS,
y=fz) <= oé(z,y).
IDLE fOBTHEIITA{f(z) : €AY ZRDEIITEEKT 3.
{fx) : zeA}:={y : e Aly=f(2))}.

LU A BIEAR S, BHRATIC LT, Vo € A (f(z) € V) =T Y 2652 &4
TE, {f(x) : zc A} BEGLLRS.

=z FEDEI IR ITOVTHEITH,
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1.27 M, U&F

FrIIALTDH. ZOLEF ODHMTHE7F7AJF 2IRDEDIZEHRT 5.

U?::{x : JAe F(xe A)}.
F ={F, : a€c A} DLIITF ODEENITA A THRTFMFTENTVWD L EIE, RD
FELHWS.

Ufa:U{ﬁa a€A}.

a€A

F BEETHDLEIF, MEAGLHIZE T UF 2HNEALTIEEIPEFLNDOD
T, UL bEAL LS.
12.8 #BHH NF

FarI7ALTEH Z0LE F OMBERNITHEIANFE Z2IRDEDITERT S.

ﬂf::{x :VAe ZF (ze A)}.

i F PEEEGOEEV LELSLD F PERAZRTIES
{reA:VBeF (ze€B)} %ELLILS.
D& & L RBRDOZLES HW5.

ﬂfa: ﬂ{fa ta€A}.

acA -
1.2.9 ARoMEHBEES, AUB,ANB

77 A ABIZHLUTIERDESIZERT 5.

AUB:= {z

cx€AVzxeBY},
ANB:= {x

cx € ANz eB}.

8 A, B I LTIE, /& {A, B} 2E>THh S, TOME HBHN % £ NE LN

AuB:= | {4, B},
ANB:= ({A, B}

1.2.10 FEfR

BREITERENIET A TH D LI BREEX I TADILETHS.

R EBFETHS LL vo e R Jy3e(a = (y, 2)).

BR RIZERE (a0,b) NEENET L%, aRb EERELTHI DD B,



1.2 bootstrap

1.2.11 dom(R),ran(R)
RZBBELT, TOERBS IR EZH ST I IATHS.

dom(R) :={a : 3b({a,b) € R)},
ran(R) :={b : Ja({(a,b) € R)}.

R S R OGEE, NAMAHZE > TEARIZTEI LN TES. (a,b) DEHERE
WERE, a,b 2 BERL L THEUESEEZ JUR LBNDEZ 203055, Lz TURD
HIIZEH L BT & L.

dom(R :{aGUUR 3b(( €R)}
ran(R) := {bEUUR: ER)}

1212 B

dom ZfH - T, EBEBMATH S0 %2582 LW, TBEETHE] Ik
MEHTE 5.

F l3lscH 2 L4

F BB TH S A Vo e dom(F) Iy((z,y) € F).
F A THE451F, F2E8GESL LUTHEALTF(z) B2 L5175,
y=F(z) < (z,y) €F.
dom(F) #4527 5 A SIZH LT, Fiz ks S 0% F'S r#<.
F’S:={F(y) : y€S}.
¥72, FOS~OFll% F S &&EL.
FIS:={peF : JzeSyp=I(z,y)}.
F2lEBchsI e, ZTOEHRBEMHEEE 2 —EIZE & SIHROFEEMS.

F:A—-B&LFamsgcss A dom(F)=A A ran(F) C B.

1213 B&4G, Z(A)
FITHEECGNIHE AICHEHAT LI LT, P(A) 2N HEELTIHEAETDHD Py 21F
5. IRICHAMERABET,
PA)={zePy : v CA}

Y3HY, b E3Y P(A) BMEENG.
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1.214 B AxB

75 AABIZRHUTIHRODESICEET S.

AxB:={z : Jac A JbeB(z={ab)}.
BB A BIZHUTIE, A B ONORICHNAMEARZ#ATIXENS.
AxB:={zre ZAUB) : Jac AFbe B (z=(a,b)}.
HEASANHORD D ICEBAEAMS 22 TES. VaVyIlz(z = (z,y)) THEDT,
prod(4,y) := {(z,y) : =€ A}
ME Yy IZO2WTHELND. SEIE VyIlz(z = prod(4,y)) D7D 7DD T,
prod'(4, B) := {prod(4,y) : y € B}

RSN, ZOMENSZ LT Ax BABONS.

AxB:= Uprod/(A,B).

1215 AH D BADOEHELAEDES: 4B

dom(f) = A & ran(f) C B Zhi7= 3 &5 4R f 13 P(Ax B) DEHZETHSDT,
INTHA XEMA BN TE, NAMEAELIHZ 5.

AB:= {fe Z(AxB) : (f: A— B)}
= {fe PAxDB) : Vaec AIb({a,b) € f)}.

1216 BHEEES; S(x), o+ 1
BziZO0T, TORKERS S(x) ZEATD LS IT/ES.
S(z) :=axU{z}.

S(z) % x4+ 1HKHLT 5.

1.3 Bz
1.3.1 ZERoBEF

AR%2522 L, RIBBEFETHB LT 5. (AR) BERTHS, 2B RAMA L
BETHD LI,
A DIEEDETRVENES BARBNTERSZ L, Thbb

VB C A (B+# 0= 3z € BYw e B(~(wRz)))



1.3 i

WS L THB.
(A, R) WERTHZLE L2 AIZDVT o & R THRTNIWVWIEDORT I T A
pred(A,R,z) ZLAFD LD ITEHT 5.

pred(A,R,z) :={y : y€ AAyRa}.

(A, R) 2SXIRA S B 5 773 & %1%, MUZ pred(z) LB 2L b b5,

132 &ARLERF

IIAAIDVT, (AR) WEARTHD LXK, A DIEEDOIL 2 IZDWT, 7T A
pred(A,R,z) BB L LD THS.

ADPELEZSIE(AR) ZESRTH 5.
133 EBIEWNE

EE (A R) ZBEIOESRLEBRE TS, ZOLSAEBDOMER ¢ IZDOWTIRAZ
H7=D.
Ve e A(Vy € A(yRz = ¢(y)) = ¢(z)) = Vo € A ¢(x).

FEBR Vo € A(Vy € A(yRz = ¢(y)) = o(z)) Z2IKETD. ZIhOHHEEMS.
(Ve € A ¢(2)) ZIRET 2 & {z € A : —¢(x)} BAETIZRNDT, BFEVED S UM
z NS B BUNMEDR S wR2 L7805 A DIEEDIE wiZD2WT ¢(w) A bizD. Uiz
2o TRADIGED S ¢(2) B0 12D, FETHB.
1.3.4 EIERF

A A LBBRCIZOVT,
(A, C) WESIEFTH 25 L4 (A,C) BBRTHB) A (A, C) RKEDORIEFTH 5).

(A, C) PRIMFCHHZ L &, C 1 A ZBIIFNITT 5L 655

(A,C) 3RO 2IEFETH D £ (VyeAVz2eAVwe AlyCzAzCw=yC w)
ANNVMyeAVze Aly=2VyC zVzLy))
A (Vy € A(=(y C ).

1.3.5 ##HH

IITAAIIZDNT, (A €) BHBINTHZ LIE, ADEBDOT 2 IZO20WT, 2 DA D
D77 ALRBIETHS.

(A, €) BHBITDH D BN Vo(x € A=z CA).

BHEOEREVIEMEZITHED. {s € A : —¢(2)} BICEALFRSBVWI LITEEE &
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136 2TOIEF#HDLT IS X; ON

ON:={z : z FIEFHTHS }.
& x BIEFETH 5 L3,

o (x,€) WHERBIITH D, 1D
o (z,€) WERIEFCTHEZLTH5.

ON EHIZOWTH, (ON, €) BHERIN D BIETF & 7%

137 EFHICNY 5B)F

MNEBF L UTERASNEHBWNEZRE?S, BB G 2E5Z P8 TE 5.
FE AEOERF: VS VIZOWT, REAZTHEEG : ON = V BH—FHET 5.

Va € ON(G(a) =F(G | a)).

FERA ME—THBI L LFHETHILRHHTS.
M—THBIZLIZDWVWT, G1,Gy BWZDI S HREBMTH > KELT,

Vo € ON(Gq(a) = Ga(a))

ZREEIRANIE TR 5. a € ON 5. EED f € allD20T G1(B) = G2(B) T
BBV OWRNEDRETHS. FELD Gi(a) = F(Gy | a) BE U Gyla) =
F(Gy | ) THEW, INEDRELD Gy [a=Gy | a THBDT, Gi(a) = Ga(a)
TH5.
FHEIZOVWT, RO ¢ 2HFZ 5.
o) :=Tg(g IFBETH 2
Adom(g) =a+1
AV € dom(g)(g(8) =F(g I 8))).

d(a) DI 2D & WE—FIET D g% gy EIERZLIZTS. £T, GHMH—TH5Z
ERFEH L S ERABRIZUT, go | (anNpf) =g | (aNP) ZRTIENTES. RIT
Va € ON ¢(a) & B RANIECTIEHT 2. a € ON & U, VB € ap(B) 2IKET 5. g5 7=
b a Mo TIRDEREITD.

h = U 98s

BEa
g :=hU {a,F(h)).

T2L gM é(a) DiFLE 5. [
F ABEOEBF:ONXV = VIZOWT, REAZTEE G : ON — V MfE—17E

5.
Va € ON(G(a) = F(a,G | a)).

ZNEGEHT 5121E F/(g) := F(dom(g),g9) ¥ UTC, F [CEH %2 HEHT 5.
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EONEBE »oBEBEMES HEL VD 2 NFEORBEARL—=Z0H Y, Zhik
F:(T—-U) - (T—->U)2%3t>CTG:T —U%KY. FO5HOIHE*%
ANDZTCTuncurry (bSHIE F - Tx (T - U) > U TH5. —HTHROF &5
28, FRBLCHHIZEVWTEZIRIIVOE EHREBHIR I N-BERTHZ DT,
F:[l,con(ONcq = V) =V EWSHRP[ LEX LI ENTES. DX DM IIHE
BRIZBVWTHRIZBVWTHERMUTWS. BRIFOH LDOEIHIR S e WRBEH % fix
UTCHAOBEBEELDPARENARL =X TH D, HIREOHH U EER T — X &I
o THIBRE NN E fix UTREBBBEFELIONZOEHE WS ZLilkd.

1.3.8 EBRLEMROUEBIEAE,; cl

RIZ A EOEREIODESRLBERTHLLE L, 22 ADIETHELTS. ZOLE R
DHEBHWEHUTHART 2 LD BN WITOESE cl(A R, z) &, w LOEFIFIEZ -
TEETS.

pred”(A, R, z) := pred(A, R, z),

pred"™ (A, R, z) == U pred(A, R, y),
yepred” (A, R,x)

cl(A R, z) := U pred” (A, R, ).

nw
(A R) DXURDPSHS el EiF, HuZ cl(z) 2 EL Z 2 H 5.
A FoBfRC %
def
rCy<=>uxecly)

LEHT DL, CIEROHBHIMTTHY, A LORELEIETERTHS.

1.39 HAES
7T AAIZDVT, (A R) BIMERTH S L1k, A DIEREDIE 2,y IZDWVWT,
(Vze A(zZRx <= zRy))=z=y

MWD L THB.

1.3.10 ZERLEARICHY 55

BIEGBEGRDO ETH, FBBOBRNERNTE 5.
FE A R%ZIIFIALL, (AR) ZEENPOEAGRTHEI LTS, 20L& STHDOBEE
F:AXV S VIIDWT, REA-TEKRG : A - V W HE—TFET 5.

Vo € A(G(z) = F(x, G [ pred(x))).

* 2 TR B 51 T BRI S W S Ik TR W
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X

D 7 g

R D

Y ® T B
12 HH1E =Y

2]

FEHHRERFEBUZ D W T OFR L AR, IRD ¢ 1I22WT Vo € Ag(x) ZIFIETRLT
G ZiEfl 5.

o(x) = Ng(g 1ZBBTH %
Adom(g) = cl(z) U {z}
AVy € dom(g)(g(y) = F(y, g | pred(y))))-

1311 S v 7;rank(A,R,x)

A R%752EL, (AR) BERIOEARTHELTS. COLEADTz DT
v 7 rank(A,R,z) ZIRD LS ITEHRT 5.

rank(A, R, z) := U {rank(A,R,y)+1 : y€ AAyRz}.

e rank(A, R, z) BIHFH L 5.
o HD NN D 72D L & rank(V, €, ) & HIZ rank(z) & FEL<.

1.3.12 JERFE; type(A,C)

AREST, (A,C) BBAFTHDL$5. ZDLE (A C) DIEFH type(A,C) %
KD ESIZEHT 5.

type(4,C) = U (rank(A,C,z) + 1)
€A

type(A,C) BRIEFHTH D, (A,C) & (type(A,C), €) FIEFFRTH 5.

1.3.13 Mostowski collapse

A R%225220L, (A R) ZEEIOEARTHEETS. ZOLE, HHG 2RO

EDITEHRTD.
G(z) :={G(y) : ye AAyRz}.

GIZE2ADHBEMETEE, MIZDOWTIRARD 72D,

o M IR TH 5.
o (A R) PHEHTHNIE, GIX (A, R) & (M, c) DRAMAELEX%. $74bb5 G &
Ao MADOHEEE LTEHETHD, 2D

Ve e AVy e A(2Ry < G(a) € G(b))

MR 72D,

1.4 JEFR#
1.4.0

0:=0.
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141

1:={0}.

1.4.2

2:={0,1}.

1.4.3

3:={0,1,2}.

14w

w:=1{0,1,2,...}.

l4w+w

wtw:=Hw,w+1lw+2,...}.

ldw-w

ww:=/{w,wtwwt+twtw,...}.

1.4.w"

w = Hw,w w,w-w-w,. .}

1.4.60

0 = U{w,w?,w¥”, .}

1.5 EHRES
151 *&rF
P=(P<) WEIEF &L IZ PPETRSELZUTND 25452592 L:

e Vpe Pp<p.
e EFED p,q,r e PIZHLTp<gh2qg<risiEp<r

152 T4y —
FCP2A)NWALEDTANR—THZLIFLTO I FMEH-ZTILE2 0D,

o ')
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e [EFED X CAIZRULT, HBAY cFTY CX R2LDDPNEIXcF L
5.
o [FHED X, Y e FIZXLT, XNY € F.

153 B74IL45—

FCP2A)MNBTANVE—THdLE, TN T A NVR—TH 5 LIZPLTDOEMZ T
TIEAENWD.

e VX CAIHLT, X ¥ A\ X OWThLH F RT3,

1.5.4 IERJE#

ERER x PEAREBTHE 213, FED a < s IZHUT, a % v ~AERIZEST K
PHEELBZVWIEEZWS. 22T, fra— vk DPHEETHELIIMERED B v ITRLT,
B fy) emdkohycadEiztnd a3 T.

155 FAFEER71IL5—

K ZIEATHEIEHIER L T 5.

e CChMHITHD LIFMEED a € k(min(C) < a < k) IZHLT,UCNa) e C
EiBIEEND,

e CCrMIERTHBLIIMED acriZHLT, B>a b feC WFEHET
5 LEND.

e CChrMDHFERTHD LIFZNIVHLDIFERTHEI LEWVD.

k DEIEERBIMBIEEGE2E0 k DMHDEERUDNOSRIESIEZ TNV R—kE. Z
NEFFEAR T4 N E—2 0D,

156 TEE&ESE

Kk ZIEAEIEAEKE T2, SCrIDITEHESTH L L IZTNBERED « OHHIEAFES
PNEEGLETHRVWEDYZR_HO>ZLE2 VWD,

1.6 NSWEHDEY H 7=

1.6.1 X DEE

IX|:=N{B€ON : If: 8 X, f ix& s }.

1.6.2 XNy

Rp = |w| = w.



1.7 HEDIED D 7=
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163 Ny

R; :=min{a € ON : |a| > w},
::U{type(w,R) : RCwxwA|type(w,R)| <wARIFw 2555 }.

1.6.4 N,

Ny = Upcw N

165 3,

1. jotziN@
2. Jayq 1= 27,
3. 3, = Upe, Jp (7 DHBIEFROBE).

1.7 #BEDEY hh =
DR T 1 R R OME o = (A, g ety f& . R R, .. 1220 T

o #>.

171 W [[,., %
MEEDIRE o (N € k) DGR ON-L &, BHEZ U FICHEKTE 5.

The domain of H oy = H Ay,

AEK AEK
AL = (o e L)),
I @) = (£ (@o), . F (2a), ),
ze R s VA ek ay € RM.

Bl = BE, IR & DR,

172 @S [, /U
U%k LOBT7 A VR—LTBE,
xrpy <= {ANEK ax=yr} €U

&Y [Lhe, @ EORBERBRIEHTES.
ZOMEESIC L ) BREEED S:

1 «/U =] %/ ~v -

AEK AEK
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173 VOUICLBEBE,; Ult(V,U)

Uik LOB7ANVR—LT2LE VOBRENPEES.

Ult(v,U) == [ (v, €)/U.
AER

— iz EFoREE 1 well-founded TIXAWAS, k BIEAE 2D, U 2 k-5EH2HE 7 1
X —D & Zi12l well-founded ¥ 72 5. Los DEHIZ L D, #BEIT V L HIZERMEIZARS 7
B, £ <N IF OARA L TETL B,

1.74 B®O .« tORS; B

BCADOHBE € =BI1ZC CB%iizR/ND of OHEEE UTEHT L. MK
BHZIEI R D LS ITfEB Z &R TE 5.

C() = B,
Cpy1:=CrU Uff{[Cn], for n < w,

C:=0C,:= U C,.

n<w
1.8 &&BBEBOEY M
1.8.1 REBEHEE; V.
VO = @,
Va+1 = y(Va%
V= U Va-
aEX
1.8.2 EMESDOFH, WF
WF:= | ] Va.
acON

HIBONED RN L TN, V = WF B d 5.

183 SEGHEARE: H(x)
kDPEBTHBL X,

H(k):={z €V : |trcly,e ()| < k}.
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X trcliy,e,uy(z) FEA RO & S IZEHRI NS,

U@ =2u0 U @,

BEa

trcliy,e,uy (2) == Uw (z).

1.8.4 BHRIUREEEHEE, L.

MATHEREOFH L 1= Uycon La ZMT 2 KRR,

X Def(z) RUTDO &> IC LTERSNB.

1. Proj(A,R,n):={s€ A" : HeR(tn=s)}
2. Diagc(A,n,i,j) :={s € A" : s(i) € s(j)}.
3. Diag_(A,n,i,j) == {s € A" : s(i) = s(j)}.
4. Def'(k, A,n) % k < w IZBIT 2 IRMIECLL FICEH T 5

—_

Def’(0, A, n) := {Diagc (A, n,i,j) : i,j <n}
U {Diag_(A4,n,i,5) : i,7 <n},
Def’(k + 1, A,n) :=Def’(k, A,n)
U{A"\ R : ReDef'(k,A,n)}
U{RNS : R,S €Def'(k,A,n)}

U {Proj(A,R, n) : R & Def'(k,A,n+ 1)} .

5. Def(A,n) := Uye,, Def’(k, A, n).

6. Def(A):={X CA: In<wiIs€ A"IR € Def(A,n+1) (X ={x€ A :

o L IFHRNEDEINAIEZ fig 72§
o L IF—fldie ke & 7 9.
(773 E)

s ~ {(x) € R})}.

o LIZBEXASNI DMV BNROEAZEDTTELRADTHTHY, B/HIT W

FHEWRD. EBIZ LIZU R TERENMNIT T2 ZEDAEETH 5:

L=(|{McVv : MigBKH»> ON 248 ZFCOETNVTHS }
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1.8.5 Jensen DIEKAIREERETEE: T,
BHe AR W JE G 72 0%, L O IZ X ZE.

JO = 05
Jat1 = cliy e my. . Fe) (Ja U{Ja ),

u,z,v) : z€xA(uv) €y},
u,v,z) : z€xA{u,v) €y},

S
={zl{z}] + zey}.

FFL <D a e ONIZHUT Ly = J, DIRALT B.

1.8.6 hierarchy of P-names; V¥

Vo =0,
Vo ={fCVaxP : fizBCcHS},
Vi=J VL O2BRIEFEO5E).

aEX

1.9 #|EFDEY I
1.9.1 Cohen 3&%li%

C:i={pCwx?2: pldERHFNELTHZ },
Pp<q < qCp.

o CIFMEBIM 7.
e Cl¥ o-centered TH O, EHEL L THAIETH 5.
e C % Cohen E# % MINT 5.
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192 Zv¥ L&A

P:={pC®2 : plXiED Lebesque MlE%HD },
p<q < pCq.

o PRSI 2T
o PIxT VX LFERENINT .

193 7AYYvYAM UK

o THRTH B LIF, TNIEIET (T, <r) TH Y, TRXTOWBYIFH T OIEF <r
TRIIETNTVWEI L ZE WD,

THRTHBLE Levy(T):={x €T : type{y €T : y<raz},<r)=a} %
T D akKEZNS.

THARTHZLE, TOETLIEW(T) :=min{a : Levy(T) =0} DT &.
THARTHDLE TWR-RKTHDLIFT HEE kv THOTRTD a KEDIRE
WRRHETHHI LEWVID.

THARTHBLEE, THr-TRYIYAVRTHDLEIET W -RTHY, DDTA
TO T OEMEFEHDEEDRE » RTHLI L2V,

W-TAYY YA VRIIFELROVD, w-7TA VY v 1 VRIFFHET 5.

194 RRYJURK

SMHMAAN VARTHBLIFES DV w-TAVYY YA VRTHY, BOTRTOKPENTE
THDHIEHEWVS.
A A v ARIE Cohen EFNE UL IZ O hoffifiins.

1.10 BEXREHDEY b7
1.10.1 FENATREEK

kA (R) BEAFREERTH B L 1F, k IR IEHI BB CHRMROMEE 25D &,
KDPEMRTH S L 1E, TRTD a <k IZHLT, 2 = 2| <k ZHi/T I LZ2 V.

o FERTREEBMMIFMAT S Z L I1X ZFC OAHADATITHHANTEETH 5.

1.10.2 Mahlo £
k DY Mahlo ##TH 5 L&, k DEERABEEKLTH O PO FOES
{a <k @ a FFHIREKTHS }

Wk DEFEMREEGLLREIEEND.
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o Mahlo HE£ D FIZIZIEA FUZELERTREILEAFES 5.

1.10.3 §aA /X7 MEE

kDI NI NETH B Lid, v DELERAEERBTH O PO k-THY Y YA VK
DEELRVWIEEZ NS,

o 55N MO FIZIZIEAFIZ Mahlo BEMPFEET 5.

o TV NT NEME wy IT forcing THET L we-TH YUY ¥Y A4 Y ARZELS T Z &3
TED. Wl we-THRY VYA VRDB—=DERITNIE, L DD T wy 1ZFFI 87
MEREBIZIRoT VS,

1.10.4 FLAIEE

K DPAIEBTH D LIk w BWIEMERETH DD v BT w-5EMADIEHEIERE Y ¢
NR—BEHETHILEND.

o WHIEBDOTITIFIEETICTa v T NEBDFEET 5.

o WHIEE k IZHU, k OWHIMEZRGEST D7+ VEZ—U 2L 5 &, @R U(V,U)
ZZFC DET N LR D, 61T w-5EMMENP S ey (FBBEMEGBTH D Z LA b0 b,
LEDZ &Hh 5, Mostowski collapse 25#H T &, Ult(V,U) &AM A#EE TV
M WK TES. UIZERIETHLIDT, M AV &b, Lo T, A&k
PIAETIEV £ L AT TECTLE S,

£ 3Hk

1] Fa—xy, 7 A /EEEE R ESFH—IIMEIEANDOEN. HAF . 2008.

[2] Jech, Thomas. Set Theory, The third millennium edition. Springer-Verlag. 2003

[3] Kunen, Kenneth. Set Theory : An Introduction to Independence Proofs. North-
Holland Publishing. 1980.

[4] Shoenfield, J. R. Mathematical Logic. Addison-Wesley Publishing. 1967.
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Nz,
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T o 2, Mk DOMOMER T, BLEEN/, FEOHTH S,
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EEHEZRL WS LD THEMES S0,

EBEZLIZ, BT ICE S &, THEEPmIE, AMORFEENITEKFEL TW5 ]
PANEN5Y: IAE So RN (= F2 I ?i@i%@ CEREITE, HEEHZICB VT,
JFERRICRBTE R LR EDOE I MPEME LCHRD SN, FEMIZHERTE 5 X 5 2t
REFPFAEL L TROSNDE Z 21225, ZOMEATRENEs T 1 25 A fElE~D Z
ZHhbWwziz, BEEERIIGIEERIFZEHEN L, BECESZ ETRATHEINT
w5,

P, AR (ROSHEBSHLTVWELZWY ) —X) TR, 75 LEREHOME2E>

DI TR, GUAEBEHRL VS BERLGO, W - WRARWREIICOVWT, £
KOAWREL 27255 &K, GRME2META2ZLE2EZIZLAZY, DEVEBERZ VL
I BTN AN, THBREREIAVRDOTIE?] CB-oTLEI ISR IAIZDV
T, MEHEZME L TREIDISITEITVWEDT, AV TREVDE] 25, HBW

L ZOEWHIIEEICERTH S, TAR) Li3VW20D - #HDZ L THEDH, TARDOESE] LIZEAE
ZED &S BEENZFET O, HEFELTWVWD] LIZWV o720 ES W EIKTHRFEL TWD D0, 725,
CITIDBEHRIZRETIZIZLETERY, RERS, TNFNOEBEBHICL > T, TAHORM

IHRIFLT WS ] 20D ZEDONENRRBR>TVWENSTHS, HlziX, BEEEZOMTHL LIS
DT U7 =2 > Tk, ARD [FRHEES) LW D 22 TE X SNTW S OIXFATBIY TOLH 2@ D
ZeTHEN, FVERNREBHEBRBETHE XA Y ML > TE, BEAPMBEMKET 5 T3RHkREN )
13E - b ARINTEFE N RO 45, HEEZEEOHOEVWEMHAL TC2EE L5250, 22T
FRE S IETCERZFHOTEZRALTWE DI TH S,

*2 2 ZATE 5T B BINIZ~ T ¥ % possible in principle IZEHDTF 7 = ANKX—LTHH (VW5 Tk
12, ZOEEZEFEETHIF)NNSARPHEIARX V2 —LTWEEWTHOTEMHEELE, HoH
5T VET), EEMIZ~TE S possible in practice & KT ERETH B, b 5DMHFED ME
ZERPEZEIN TV DI TRV, TEERWNIZ~TES] L5 RE, B2 OYHENHFUZE D -
TVWABARER BIZIEFEHFOKRE T, ABOEYFEME, FHREBOMER ete.) ICHMIICATREN Y
ISP EINBE L VI =aT VY ADRHEZDIH U, [FHEIZ~TE 3] LWL, Z 5\ o 72 B8R0
HiEATARTHEL T, FIEEFEHOMBEE UTHEERE > 2l e s (B IXEBEOHRFEIX. EA
RAZFRBEDHEA L KO B, EARIC ABORKEEN AL & 54, FHENIZAARETH D L Ind),
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Yorid

W2 IR EEBE R (1)~ EE Y B EOPHR~

X TR X0 AYRDT, HEEBEMIZI SO WIREREZHTRES] RERL LHIT
2k oT, BMZMEHETIZ L 2BEL T 5,

EIIHRELTWVWEHEEIZ. DODOARETEHERZEL VI EDIZDVTHRA LR
<%Aﬁltﬁ%éﬁ\@W%K@ﬁbtbﬁ?ﬁﬁbiﬁﬁk?%éﬁo%5V5bﬁ
BB TELZ L, bRORILTATTREABSILEHET,
FFEEBN VDK, B EHZLFE -OBEAEOMETH L, BB ERIE. K<HS5
MTméxomf?ﬂf@mi#ﬁ?%é@%ﬁﬁéﬁf%éjtmi:@%@%ﬁé
T2, ZOHERC. HIHOBEBFEHRFIL. MEEOMEIIZODVWT, HTHEHATHRVE
WO ZEiE ARV LW FEE GESESROFE IR 2L L) 2ZIFAND, 72

DI NIIAEEZNIGTIERWES S0 ? EERERIIAN VRO TR WAR 7B

22 EBEEFHEE_ERE

BEMEHROMEEZ RS AN, £, HBEHR L EFREOBKRIZOVWTERL TS
Z9,

THEFEB L T TICRREZ LS, [T RTCOGEIIETHE2NBTHENEL SR
Thd] ELWHFBDOZETHD, 5. MEpPETHEI Lz T(p). THDHI L%
F(p) £#L Zxizdhud, ZMFIIZEE T,

vp(T(p) vV F(p))

L EF2E,
LRAMITEERE LKBERSNDXhETH B, HihElk, IR ToOMmEICD
W, TNEED, TNEASOEENHRALT S]] EWHEFEHETH Y, L5 TEITIL

Vp(p V —p)

EEIF D, BRI, TE] X 4] SV el B G LARWT LIZERLTARLLW,
Wiz, BHESNP MEMA2ESTAHHEZATE IS, BEERHICEHRAREA S
BELZDEDN, IZIETRTOEBAEZEIL. RO2 220Ky bT 5,

(RN OFRE) FEOMBEIZDOWVWT, TNVRETH LD, FHAGETH 5,
(BFEDODELEDOFE) FEOMEIZODVWT, TOEENETHD L, ATHEI &

B 1L, EEEZORRMEIZ OV THESEZH > TWAATH, BANRE CEAEPEMEZH > T»
LTI, AEPIEZA B ZA5DH 506 Lk,

BRI OWT —EDHFHD D B NI ICHEEERRTHEL &, AR THBEIZZ 2 EEOMRIE, EFL
IZH R B ADRER (A RETIV M THE) TR, BIETFIVHRNLZ, HIMaEEolMaTd s
(HHWVIE, BHEINAZETIVICHT2EBOMR, EE5-oTH LW, HIZIXETVEGREMS LWET
HoTH, T=NV KN NDOFREIFFEOMINTHAL LT, TNH GRS EEhr, 2Wvworzkd
REVWHERETEZXTTH S, EFNVIBLRNIF A D5 TWB Z S U 7= 1 732 B A DO RE A DA
FCHEL 22 EBOMETH B, 12720, EFLVHRIZBIT S BEMINZET V] X, 25 U
MR EAOBERICHE T EET IV ZETHMETHLLARTIENTELDT, AROHHRE HEXX
NEETVIZEIT D EM] %ﬁbé%@& U CHtA THREIZZ,

*5 MEEPL I EIR & M U RN D IZ AR ST T > TWRWAS, T, F, P 13 &% 2 3 > T % 5%
TARL =X (HBICHT HHBE) THD, 5T, $ﬁfim%rﬁ¢5§m%ﬁ5 ARZBWT,
HEEZHOEME HHR T 2 -0 b s i, TR THEBF:ZE _WBa¥EHm (6, ch.11] OMNT
HBH, BEOEBEZ MOEREE B, oy 2BEMNT (T, FPtu‘:) MWARETH B,
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BRETH 5,

MR O TREOELBOFH] LWLk, FAOAV Y FLDEDTHS
(UATFICEHNS [~DFE] LWIEABETRTROA) YV FLDHEDTHD), ThEh
EZHBTHENTE IS, p AR TH S 22 % P(p) L ETIE. ThTth

Vp(T(p) — P(p))
Vp(T'(—p) <> P(p))

Y5,

B DEHLIE T I A7, TR AR ORI ET 51 £\ > EE X HO R
HkL T3, SEmE A ORBOMOKERRIIOWT, EBERHE (K<
SR CODEXFDILEL SRS [d],

o BUFHNEB X, BEZAEH I Wiz@@ED Z LT 5,
o BUEINEIL X 1k, GEIAFREAEIGEDO Z & TH B,

EHLLDEZ iz LTH, BHIFGIHARE TR NIER SRV (BEDGAEIX
HOMNTHB U, BIEDOHETH->TH, BRIZFIHINT WA DZ» SEEHARETH 51k
TTHB), &oT. RNEFIOFEAK D LD,

BEE, BB ERECLRVBEOVY (BB LEENS) THZITANSE I DT
ELFEHETHBE, ZO2O0DFHAEMS &, Fald, ZMEFHEL S, RO TRHIOFH ]
B HEER T A Z AT E D (ST 2 id k),

(ZHOFH) LEOMEIZDOWT, TN GEHARETH B0, TOEEN G (K
SEAJEE) THEIMhDELLMMTH S,

LETHITI,

Ul

Vp(P(p) V P(—p))

k5,

oTHUL, BADPMEFEOELI 2H>TWVWB T 2D ThHNIE, Tz ldHiamiz
FoT, EHIOFBOIELI 2 MBZ R TES, B, HOAITIIRMILITEN - &
AEET B, BIZIET =V EARAY NADFRUIZDOWT, H& IO kS KIED ks b
MOERNDENS, ZHEZFEHEREMNICT IRy N\DQFENEBETEEZNEID. HB
WEIRETEZEZHNEIDE, DROSRBRWIETTHS (EHAAZIT WP, & LilH

HLRAIIDOEZS RS, BUFWEILE, W (B2, R X ) 8 U TR 2
BB, DD, HIMRLIZBVWT (HDWE, tIZBWT, FEHE s 12> TC) HETRBP 725D
A ORI IZBWT (BB WL, ¢/ IZBWT, JIOFEHE s’ It ->T) BEIZR>TWS 0ok
WDHY 5%, TORIZONWTH [A] B,

T OTEIAE) &\ D 2 e DR ERT 200 E I 2 TRBIRIZLTE L (BERS, TRENOEBEH
FILL o TIORDEEL RIL>TL B TH D), LW —Buzid, [REHATRENE] & SEETVWEEK
FHOIWRES P, FEBOMRE L VWo 7z, BANHEFICAGI ALY, FENLARETHI LI
3, ULhioT, ZOBERE & - 8580k, EEISMIFHL - MAHRBER 2 25,

BTIIT— N4 TFA VT RAY P VSRR RERERE L REEOE L BOFEEZI AN
TWVW3ZLIZDWTIL [6] 23,
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Yorid

F2E TIPANVEIEBER (1)~ A B =D HER~

PRFIED LD 5 LE U T, HOTITHRT HREE] LEX 00 E->TWEDIT
TRV, TDOLDREEIIMFEZH L UTIXZIEL W, EZHREH1S & \Wo T, TEEHX KL
DHERDDLZLEH>TWS] LIEFEARV, BRIV MNEZEITHD), LT

RN NDFPRIZOWT, AW ULKIENRTES bbb Zehbs TR, Th
IXEBIZAEAR KA D HiEER B E LD TAE LM RNVES S, TSI TRVWRED,
B2IZ TV RN NOFEDPREEE GEHZR W UKGEATRE) NE S 122 Z 2 iE
TERWITTH S,

P THAIFEAOFIEDOIEL %, MEFHO & 5 dfiEmii e fl e s/ s Z e s
TEBETHEY, ZO7H, RLAGTMHEFEHMOEL I 2R/BIXTHARY, 6, ZE
FHARDLZ IFTERY, TUWHEBEHZEDOS VWS TH S,

TAEFEED S EHOFHIZRDO L SIZ L TEL Z N TES, FTMEEHICEEDE
DRI E A G DET,

Vp(T(p) VT (~p)) | EEOGBEIZONWT, ETHEH, TOHERETHEPDESL S
PTH B,

WHE S, ZAUTFERRAIEIR O BB 2 I A A,

Vp(P(p) vV P(-p))

L0, BROFMHAEPND,

23 HL=DEEE

T, L0H2T, FBWHEIROFME BEDE L AOFMEZRD T, il
HAEBRDLIENTERY, LWVWIDRLR->THLALEES, ThNEBEZEDOE X
HTthb,

BHERHTL 206 THb, HHMOBEBIEHESE (HEHHO KX Ay hE
P, TI5T vy B RE) F ZHEHEZRDEVOIZELADST. ETHEHTHR
WAEIZFED R, [TRTOMEIZETHEMMBTHE07] LRDBRVDIZ, [ETH
BTERVMEIIFELRY] EEH07, INEFDIZRZ S,

TlH5EOEBEEF I REE OEAHZHRT 200, ZofficikzhziRL
X5,

T, ROFEHERTIELWL,

(EOEE L BOEI) Yp(—T(p) — F(p)) | TRTOGEIZONT, HTHEVESIE.
Th5.

FEOHEBYEZ PR S HEB XL HIE. HOBELROFEZZII AN AT, *
IhoRDFHEZEE, HofEE2EAT S (RIS A, BOGELBOFIZZIT AN
BWEBEREZHIE, BMEEZEA LRV,

P ZIE (M), 72 UIERECIE. £A Y MEEBRFELL S RLSEHE > TOH WAV E WD FHEBIZR WV L5
LTWb, TDH, HDEXZXDEBIZOVNTODEDTHSL L5 5DFMESGA»E LR,



(55 = EHER D L) Vp—(—T(p) A —F(p)) | TATOMBIZOWT, HTHL, ho,
THAL, E0D D E A,

9. mEp AEEL. RERET 2,

—T(p) A=F(p) / p RETIEERL, »D, BTHAEL

ZII EOBEDRMEMAGDES &, RAH B,

=T(p) AN—==T(p) / p BETIZRL, D2, HTHEVWDIT TGN
ERINFEAN-ALWIERZ2R->TEY, FETHS, Lo THHEICL HED
~(=T(p) A=F(p)) / p RETIERL, 2D, BTHEV, L5 LiFmn

NEpND, p DELY HIEE 572 —BNRD T, EED p il D2WTEXRHEDILD, DF
. Vp=(=T(p) A ~F(p))

L0 BEMEHEROFELAK b 3 DED,

HOEE L HOFIEZZ T AND AN, BIHiCHRIB L2, BFHERIZOWTD =
DOEFEZFIMFT S, DED, HHEZRICGEHAINAZZ L L FA—HT 55, HILZ A
AREAR Z L L E T BH, EWVWHIZDODEZHFTH B,

HUHHEHAZ, BRZiEH I nzmBE L R—HT 2D ThHhNE, EOEE L HAOFHEIX
SRS N TV ARVWMEIZATSH S, L WD T 2RKT 5, 7212 21T, Kﬁ@ﬁa
BOFMEEMNT 2 (BICERZE 512, BEOH L HBOFHIXIFE ALY OEBRESRS
DEZIFANTWS), [FEEHI N TWARVWaEIZ, BHICZOGEEN RSN TWS], &
WS ZeiZhD, ZOWREEIXHS MIZIF ANV, DD, BET b B IEHEA
EFEZBDTHNIE, HOBRELHBOFMITZIF AN SR, £-IO5EIF, T—
RN NDFHD LS 74, fEHS KD Ao o T v, ETHHETERVWI
12757255 (0F 0, B(EHROFEEILA D L2,

B A GEH AT RENVE & [~ T 2 G A IR HE R L 2E2, 058

(0)Yp(T(p) +» P(p)) /| EEDOME p IZDOWT, pHRETHB I L&, p W AlHARE
52 RAETH D,

DR ID. & 5iz, (0) I HEEE ) ROBEAR D 72,
(1)Vp(p < P(p)) / EEDOMWE p IZDWT, p ol p IZFEHATHE

ZhiE, BEEEENR [251F] OBRWRZQEEICEIFXTSIThb»rs, BEERIIEITS
M2 olX ) 1, BiEDEHED S, BOEDIEHZEVHET IR TEL I 2EKT 5, b
LE p DIEAPGFHET 205, ZNIXZTNEKD p BEATGETH S5 Z L DFEIATH 5

1O A ZEELUTHFBEIVHZRIZ A 29 &5 2 88EIE, BEHEEZTREDSNLV, B2 A 2{KE
UCTHFEMNHZIIZ A %2 3 BEERIXRE 22 W,

<11 Hiif & bk, _OD%E%IEEﬂj:%;ﬁIE’C“IﬁE’GZV)é

12 PR ok, [2, p,11] [B] BEMTIZE STV S,
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H2E ZINANVEXEBER (1)~ AEEM 5 = ED PR~

LWABESS, TORb. EEOME p IZOWT p 5 IE p BT, LS X501
Th5,
(1) DRHBE 2 5 ¥

(2)Vp(~P(p) ¢ —p) | AEFEDE p I2DOWT, p BHHIRTEE 51E p THL,

ToIT (1) pERALT, (3)Vp(—p <+ P(-p)) / EEDOME p IZDWT, p TRV
518 p THRWNZ & ASTEIIATAE,

(2) & (3) 15, Vp(=P(p) « P(~p)) / (EEDRELp 12D\, p IR TR 515 p
THRWZ & DSEEBH AT,

2T (0) BMABDET, Vp(-T(p) « T(~p)) / LHEDGE p I2OWT, p HETH
WASIE, p OEENETH S,

INEHBEDHLBOFRMEMAGDENE, HOGE L ADFENENPND, DD,
LI GERT T & A — 1T B NBIC & o TI. BOEE L BOBEAR D b, B
VHREND DI TH B,

24 ENROMEZIRS
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3.0 Preliminaries on Topoi

In this section, we present some basic notions and facts about topoi.

For an object E, and two monomorphisms m : A — E and n : B — FE in a
category C, if there exists a morphism f : A — B such that m = nf (necessarily,
f is a monomorphism), then we shall write m < n (or A < B). Moreover, we shall
write m =2 n (or A = B) if m < n and n < m hold. Note that m = n iff there exists
an isomorphism ¢ : A — B such that m = ni. Note also that the binary relation =
is an equivalence relation on the class of all monomorphisms with codomain E. We
shall denote the class of all equivalence classes of monomorphisms with codomain F
by Subg(E). As usual, according to the context, we shall say that m : A — FE is a
subobject of E (or A is a subobject of E for short), meaning a particular representative

of the equivalence class or an equivalence class of monomorphisms with codomain E.
Definition 3.0.1 (topoi). We shall call a category £ a topos® if

(i) € has finite limits and finite colimits;
(ii) € has exponentials;

(iii) € has a subobject classifier. O

Let £ be a topos. We shall denote a unique morphism from the initial object 0 to
an object F and a unique morphism from an object E to the terminal object 1 by
E%:0— Eand ¥ : E — 1, respectively. Let true : 1 — € be a subobject classifier
for £. For a subobject m : A — FE of E, we shall denote the classifying morphism for

m by char(m) as in the following diagram:

A
A——1

!
m p.b. Itrue
E——=Q.
char(m)

Fact 3.0.1. In a topos &, the following conditions hold:

(i) every morphism which is a monomorphism and an epimorphism is an isomor-
phism (cf. [B, Proposition IV.2.2, p.167]);

(ii) every morphism has the image factorization (cf. [2, Proposition IV.6.1, p.185]);

(iii) for any morphism f : F — E in &, the change-of-base functor f*: E/E — E/F
preserves coproducts (cf. [2, Theorem IV.7.2, 193]);

(iv) the pullback of an epimorphism is an epimorphism (cf. [B, Proposition IV.7.3,
194]);

(v) every morphism whose codomain is the initial object is an isomorphism (cf. [2,
Proposition 1V.7.4, 194]);

*1 In this paper, we assume that every topos is locally small.
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(vi) every morphism whose domain is the initial object is a monomorphism (cf. [2,
Corollary IV.7.5, p, 194]);

(vii) for each object E in &, the poset of all subobjects Subge (E) of E form a Heyting
algebra, and for any morphism f : F — E in &, the pullback functor f=1 :
Subg(E) — Subg(F) is a homomorphism of Heyting algebras. Moreover, a
truth value object Q0 of € is an internal Heyting algebra (cf. [2, Theorem IV.8.1,
p. 201]);

(viii) for any object E in &, if two subobjects of E are disjoint, i.e., their infimum is
given by the initial object of £, then their supremum is given by their coproduct
(cf. [, Proposition IV.7.6, p. 195]);

(ix) if two morphisms f : X =Y and g : W — Z in £ are epimorphisms, then so
is fxg: X xW =Y x Z (cf. 2, Proposition IV.7.3, p. 196]). d

As in Fact B (vii), a truth value object € of a topos £ is an internal Heyting
algebra, say, (€,0,1,A,V,—,—). The internal operations on 2 is induced by the
external Heyting algebras, say, (Subg(E),0g,1p,Ag,VE,—g,7g) (E € &) via the
Yoneda lemma. For example, we shall consider the internal meet operation A on 2.
First, note that, by Fact B (vii), the (external) meet operation

AE : Subg(FE) x Subg(E) — Subg(E), (m,n)— mAgn. (3.0.1)

on Subg(F) is natural in E. From the natural bijections Subg(E) = Homg (F, §2) and
Homg (E, Q) x Homg(E, Q) = Home (E,Q x Q) = y(2 x Q)(E), we can see that the

mappings (Ag)gece as a natural transformation:
(ANE)Eecs : y(Q x Q) = y(Q).
By the Yoneda lemma, we have the following bijection:

Homg,eor (y(2 x ), y(2)) 2 y(2)(2 x Q) = Home (2 x Q, Q).

Therefore, we obtain a unique morphism A : Q x © — Q which corresponds to
(AE)Ees, 1.6, A = Aaxal(idaxa). More explicitly, A is given by the classifying mor-
phism for (true,true) : 1 — Q x Q as in the following diagram (cf. [8, Fact 0.4]):
——
(true,true}I p.b. Itrue (3.0.2)
QxQ——=A0.

In the same way, we can translate all external operations Vg, — g, 7g, on Heyting
algebras Subg(FE) to internal operations V,— — on {2, respectively. The correspon-
dence between external operations and internal operations is as follows: for any two

subobject m: A»— E and n: B — E of E, we have

char(m Agn) = Ao {(m,n);

(
char(m Vg n) = Vo (m,n);
char(m — g n) =— o(m,n);
(

char(-gm) = —om.
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Definition 3.0.2. Let £ be a topos and true : 1 — £ a subobject classifier for £.
We define a monomorphism false : 1 — € as the classifying morphism for 1* : 0 — 1

as in the following diagram:

O0>—>1
!OI p.b. Itrue (303)
1>——0Q 4

Fact 3.0.2. The negation operator — classifies false : 1 ~— Q as in the following

diagram:
1 '41> 1
falseI p.b. Itrue (304)
Q——0Q
The following two equations hold:
(i) — o false = true;
(ii) — o true = false. O

Proof. First, we shall prove that the diagram (B04) is a pullback square. To this
end, suppose that we have a morphism o : T — Q with w00 = trueo 7. Let
m : S — T be a subobject of T classified by o, i.e., char(m) = 0. Then we have
char(—pm) = = o char(m) = = o o = true o !, This implies that the subobject —pm
is isomorphic to the identity idz. Hence, we have 0 2 m A —pm = m in Subg(T'). On

the other hand, we have the following pullback squares:

g OL>O!*O>

=~
mI p.b. | p.b.
T

7 ——— >1 —>
| false

true

QH)—‘

<

This implies that false o 17 is the classifying morphism o for m, i.e., ¢ = false o !T.

This implies that the diagram (B3A) is a pullback square.

(i) Note that ! =id;. By (BIId), we have - o false = true o !" = true.
(ii) Note that both left-hand and right-hand squares of the following diagram are

pullback squares:
10 1 1t
10

p.b. false p.b. true

<O
Q<<

- ()
true -

This implies that — o true is the classifying morphism for 1°. Therefore, by the

definition of false : 1 — €2, we obtain — o true = false.

The proof is complete. u
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We shall omit subscript E of operations Ag, Vg, 7g and — g on Subg(E) for short.
We shall call the composite — o = of two negation operator — : Q — € the double

negation operator, and denote it by —— for short.

3.1 The Topos of Sets

Definition 3.1.1 (natural numbers objects). Let £ be a topos and 1 the terminal
object in £. An object N in £ with two morphisms 0 : 1 — N and s : N — N is
called a natural numbers object for £ if for any object X in £ with two morphisms
z:1— X and f: X — X, there exists a unique morphism h : N — X making the

following diagram commutative:

1> N_—“°>N
S (3.1.1)
Y Y

We shall call two morphisms 0: 1 — N and s : N — N the zero and the successor of

N, respectively. O

Fact 3.1.1. Let £ be a topos with a natural numbers object N for £. Then N is

unique up to isomorphism. O

Proof. Suppose that there exists another natural numbers object N for & with the
zero 0 : 1 — N and the successor § : N — N. Then, by the condition that N is a
natural numbers object, for two morphisms 0 : 1 — N and §: N — N, there exists a

unique morphism A : N — N making the following diagram commutative:

h (3.1.2)

Similarly, by the condition that N is a natural numbers object, for two morphisms
0:1— Nand s: N — N, there exists a unique morphism h : N — N making the

following diagram commutative:

12N -N
o i o ik (3.1.3)
\ N

By combining (BT2) with (BI3), we have the following commutative diagram:

1—2-N—°-N
6] ﬁ\c;h O iﬁoh (3.1.4)
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This implies that for two morphisms 0: 1 — N and s : N — N, the composite hoh

is the unique morphism making the above diagram commutative, i.e.,

(hoh)oO=hoh and (hoh)os=so(hoh).

On the other hand, the identity morphism idn make the same diagram commutative.
By uniqueness, we obtain hoh = idn. By similar argument, we can obtain hoh = idg.

Thus, N and N are isomorphic. The proof is complete. |

Example 3.1.1 (natural numbers objects). The set N of all natural numbers,
ie, N=1{0,1,2,...} is a natural numbers object for Sets. The zero 0: 1 — N and
the successor s : N — N (n +— n) is given by 0(x) = 1 and s(n) = n + 1, respectively.
Let X be an object in Sets with two morphisms  : 1 — X (Note that z is nothing
but an element of X, i.e., x € X) and f: X — X. Define a morphism h : N — X by

recursion as follows:

(ii) h(n+1):= f(h(n)) (n€N).
Then the morphism h is the unique one making the diagram (B1) commutative. ¢

Fact 3.1.2. Let £ and F be two topoi with an adjunction g* 4 g. as in the following

diagram:

g9

5 ]:7 g*_'g*)

g
with the property that g* preserves the terminal object 1 of £. Suppose that € has a
natural numbers object N with the zero 0 : 1 — N and the successor s : N — N.
Then F also has a natural numbers object with the zero g*(0) and the successor g*(s).

Moreover, every Grothendieck topos has a natural numbers object. O

Proof. We claim that ¢g*(IN) is a natural numbers object for F with the zero ¢g*(0)

and the successor g*(s) as in the following diagram:

Note that g*(1) is the terminal object of F. Let X be an object in F, z : ¢*(1) - X
and f: X — X two morphisms in F. Since we have the adjunction g* - g., there

exists the following bijection ¢4 p for each two objects A in £ and B in F:
¢a.p: Homz(g*(A), B) — Homg (A, g«(B)), h+ h,
which is natural in A and B. Consider two morphisms @ : 1 — g.(X) and g.(f) :

g«(X) = g«(X) in €. Then, since £ has the natural numbers object N, there exists

a unique morphism A : N — g, (X)) making the following diagram commutative:

1—2 .N—°* °N
O h O R
Y Y
I ——= gu(X) —— g« (X).
z g« (f)
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That is, we have 3 3
hoO=2% and hos=g.(f)oh.

Since there exist natural bijections ¢; x and ¢n, x, we obtain
hog*(0) =z and hog*(s)= foh.

That is, there exists a unique morphism 4 : g*(N) — X making the following diagram

commutative:
N g (0) g (s)
g°(1) —=g"(N) —g*(N)
o & o
\ \
g(1) ——=X——X.

Thus, ¢g*(N) is a natural numbers object for F.

Next, we shall prove that every Grothendieck topos has a natural numbers object.
Let C be a small category. Let A : Sets — SetsC” be the constant presheaf functor,
i.e., for each set S € Sets,

(i) AS)I(C) =S (CEeP);
(i) A(S)(f) =ids (f:D — C € C).

Let T': Sets©” — Sets be the global sections functor, i.e.,

(i) P = Homg.cor (1, P) (P € SetsC™);
(i) Ta : Homggcor (1, P) = Homggooor (1,Q), v — a0y (a: P — Q € Sets©™).

Recall that there exists the following adjunction (cf. [2, pp. 47-48]):

A
- = S op
Sets L Sets® ,
r

AT

The natural bijection
0 : Homggi cor (AS, P) — Homgets (S, I'P)
is given by for each a € Homggscor (AS, P)
O(a): S —>TP, s—=v=(yc:{*}3*—ac(s) € PC)cec-

Note that the constant presheaf functor A preserves the terminal object: A({x}) = 1.
Moreover, A preserves pullbacks, since pullbacks of presheaves are defined pointwise.
Consequently, A preserves finite limits, i.e., A is left exact.

Now, let J be a Grothendieck topology. Then we have the associated sheaf functor:

Sets©” Sh(C,J), a-i.

-
%

By composing two adjunctions A 4 I" and a - 4, we obtain the following adjunction:

al
Sets i Sh(C,J), aA-Ti. (3.1.5)
I
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Let N be a natural number object for Sets. Since both A and a preserve terminal
objects, so does aA. Thus, aA(N) is the natural numbers object for the Grothendieck
topos Sh(C, J). More explicitly, since left adjoints a and A preserve coproducts, we

have an isomorphism:

aA(N) = [] 1,
neN
in Sh(C, J), where 1 is the terminal object in Sh(C,J) (or Setscop). The proof is
complete. ]

Definition 3.1.2 (Boolean topoi). Let £ be a topos and 2 a truth value object of
E. Then & is said to be Boolean if the internal Heyting algebra €2 is Boolean. O

Fact 3.1.3. Let £ be a topos. Then the following five conditions are equivalent:

(i) &€ is Boolean;
(ii) the negation operator — : Q —  is involutive, i.e., - = idg;
(iil) for any object E in &, the external Heyting algebra Subg(E) is a Boolean alge-
bra;
(iv) for any object E in &, for any subobject m : S — E of E, SV =S = E holds;
(v) the subobject classifier true : 1 — Q and false : 1 — € induces an isomorphism

(true, false) : 1 +1 — Q. O

Proof. Recall that we have the natural bijection Homg(F, Q) = Subg(FE) for each
object F in £. This implies that (i) and (iii) are equivalent. Recall also that a Heyting
algebra is Boolean iff every pseudo-complement is a complement (cf. [2, Proposition
1.8.4]). Hence, two conditions (iii) and (iv) are equivalent. Recall also that a Heyting
algebra is Boolean iff the negation operator is involutive (cf. [2, Proposition 1.8.4]).
Hence, the condition (ii) and (iii) is equivalent. Now, we shall prove that the condition
(v) implies the condition (ii). Assume that (true, false) : 1+1 — Q is an isomorphism.
Then, by Fact B2, we have

—= o (true, false) = (- o true, == o false) = (= o false, = o true) = (true, false).

Now, since (true, false) is an isomorphism, we obtain —— = idg. Next, we shall prove
that the condition (iv) implies the condition (v). Note that, by the definition of false
(see the right-hand side of (B13)), true and false are disjoint, i.e., true A false = 0.
Since the supremum of two disjoint subobjects is given by the coproduct (cf. [B,
Proposition IV.7.6]), we have true V false 2 (true, false). On the other hand, as the
special case of (iv), we have true V false = true V —true = idg in Subg(§2). Therefore,

(true, false) : 1 + 1 — Q is an isomorphism. The proof is complete. |

Let € be a topos, j a Lawvere-Tierney topology on £ and Sh;(&) the category of
sheaves for j. Let F be a sheaf for j and m : A — F a subobject of F'. Then A is closed
iff A is a sheaf for j (cf. [2, Lemma V.2.4]). Hence, we have ClSubg (F') = Subgy,, (g (F).
Recall that Sh;(€) is a topos (cf. [#, Theorem V.3.5].
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Lemma 3.1.1. Let € be a topos, j a Lawvere-Tierney topology on € and Sh;(E) the

category of sheaves for j. Let F be a sheaf for j. Then Subgye(F) is a Heyting

algebra. Moreover, the corresponding unit 1;, zero 0;, the supremum V;, the infimum

Aj, the implication —; and the negation —; are given as follows: for any two closed
subobjects S and T of F,

(i) 1, =1;

(i) 0; = 0;

(iii) SA; T =S AT;

(iv) SV; T=SVT;
V) S—=;T=8—>T;
i)

where S is the closure of S for j. (]

Proof. Note that since the category Sh;(€) is a topos, by Fact BI (vii),

Subsgy, ) (F) is a Heyting algebra.

(vi)

Clearly, F is the greatest closed subobject of F.

0 is the least closed subobject of F', where 0 is the least subobject of Subg (F').
Let S and T be two closed subobject of F.

Since the closure operator preserves the infimum (cf. [2, Proposition V.1.1]),

we have SAT =2 S AT = S AT. This implies that S AT is the infimum of S

and T' in Subgy, e (F).

Clearly, SV T is closed. Since SVT < SV T, we have 5,7 < SVT. To

prove that SV T is the supremum of S and T in Subgn, e (F'), suppose that

there exists a subobject W' in Subgy,e(F) such that S,7 < W. Then we have

SV T < W. Since the closure operator is order-preserving and W is closed,

we obtain S VT < W = W. Therefore, SV T is the supremum of S and 7T in

Subgy, e (F).

First, we shall prove that S — T is closed. Let W be a subobject of F in

Subsp, e (F). Then we have S < .S — T iff SAW < T'. Since the close operator

is order-preserving, we have S AW < T. Since S and T are closed, and by the

definition (iii) of the Lawvere-Tierney topology j, we obtain S AW < T, i.e.,
W < 8 — T. In particular, by setting W := S — T, we obtain S — T < S —
T. Clearly, we have S — T < S — T. Therefore, we obtain S - T = S — T.
Thus, S — T is closed. Now, we shall prove that for all subobjects R of F,
SA;R<Tiff R<S — T. By (iii), we have SA, R<Tif SAR<T
for all subobjects R of F. By the definition of —, we obtain the equivalence
SA; RSTiff R< S — T for all subobjects R of F'.

Note that the negation is defined by —=;5 = S —; 0;. By (ii) and (v), we have
-;8=8—-;0,=5—0,=5—0.

The proof is complete. |
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Theorem 3.1.1. Let £ be a topos and —— : Q — Q the double negation operator.
Then —— is a Lawvere-Tierney topology on &, and the category Sh—_(E) of sheaves

for == is a Boolean topos. U

Proof. Let E be an object in £. Note that the negation operator in the Heyting
algebra Subg(F) satisfies the following three conditions (cf. [2, Proposition 1.8.1]):
for any two subobjects S and T of F in &,

(i) § <=8
(iii) ﬁﬁ(S A\ T) = (ﬁﬁS) A\ (ﬁﬁT).

This implies that the operator

——: Subg(E) = Subg(E), S+ S (3.1.6)

is a closure operator. We shall verify that this closure operator is natural in E. Re-
call that for each morphism f : F — E in &, the pullback functor f=! : Subg(E) —
Subg (F') is a homomorphism between the Heyting algebras Subg(FE) and Subg(F')
(Fact BT (vii)). Hence, f~! preserves, in particular, the negation operator. There-
fore, f~! preserves the double negation operator ——. Thus, the closure operator
is natural. Consequently, == : Q — () defines a Lawvere-Tierney topology on &
(cf. [2, Proposition V.1.1]).

Next, we shall prove that the topos Sh__(€) of sheaves for —=— is Boolean. For
readability reason, we denote the Lawvere-Tierney topology —— by j. Let S be a
subsheaf of a sheaf F' for j. Then, since the subsheaf of a sheaf is closed (cf. [2, Lemma
V.3.4]), we have =—S = S in Subg(F). Now, by Fact B3, it is sufficient to show
that =;=;5 = S in Subgy,, (¢)(#). By Lemma BT (vi), we have —;S = S — —==(0).
On the other hand, we have =—0 = -1 = 0. Hence, we obtain —;5 = 5 = 0 = 5.
Therefore, the negation operator —; in Subgy,g)(#') is simply the restriction of the

negation operator — in Subg (F'). Thus, we obtain —;—;S = S in Subgy, )(F). B

In accordance with Theorem B, we shall call the Lawvere-Tierney topology ——

the double negation topology.

Lemma 3.1.2. Let (C,J) be a site. Then for any subobject m : A — E of E in the
presheaf category SetsC” and any object C in C, the following equation holds:

(——A)C = {z € EC|Vf:B — C,3g: D — B € C[(E(fg))(z) € AD]}. (3.1.7)
O

Proof. Let m : A — F be a subobject of F in SetsC” and C € C. Recall that ~A4
in Sets€” is explicitly described as follows (cf. [2, 1.8 (19)]):

(—mA)C ={x e EC|Vf:B—=C, (Ef)(z)¢ AB}. (3.1.8)
Hence, we have

(——A)C ={x€ EC|Vf:B—=>C, (Ef)(z)¢ (-A)B}.
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Note that
(Ef)(x) ¢ (mA)B< [Fg: D — BeC, (Eg)(Ef(z)) € AD].
Therefore, we have the following equivalence:
x€(—mA)C<[Vf:B—C,39g: D — BeC[(E(fg))(x) € AD]].
The proof is complete. ]

Recall that every Grothendieck topology J on a small category C induces a Lawvere-
Tierney topology j on the presheaf category Sets®” (cf. [2, Theorem V.1.1]). More
precisely, the induced Lawvere-Tierney topology j is given by the following pullback

|

where true : 1 — € is a subobject classifier for Sets©”".

square (cf. [8, Theorem 3.4.1]):

J
Hl

!
p.b. Itrue

Corollary 3.1.1. The Lawvere-Tierney topology induced by the dense topology coin-
cides with the double negation topology. O

Proof. Let C be a small category, J the dense topology on C and m : A — E a
subobject of E in SetsC”. Recall that for the Lawvere-T ierney topology j induced
by J, we have the following equivalence for all C' € C and all z € EC (cf. [2, p, 235]):

r€AC & {f: B— C|(Ef)(x) € AB} € J(C),
where A is the closure of A for j. Let C € C and x € EC. Recall also that the dense
topology J is defined as follows (cf. [2, p. 115)):
SeJCYeNVf:B—-CeC,3g:D—>BeC, fgel.
Hence, we have the following equivalence:
reAC & Vf:B—-CeC,3g:D— BeC, (E(fg)(x)e AD].
By Lemma B2, we obtain the following equivalence:

r€ AC & x € (——A)C.

The proof is complete. u

Definition 3.1.3 (AC). A topos £ is said to satisfy the aziom of choice (AC for
short) if every epimorphism e : X — I in £ is a retraction, or equivalently e has a
section , i.e., there exists a morphism s : I — X such that es = id;.

A topos & is said to satisfy the internal aziom of choice (IAC for short) if for any
object F in &, the exponentiation functor by F

(H)F =& TI—1F

preserves epimorphisms. O
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Definition 3.1.4 (generators). For a category C, a family G of objects in C is said
to generate C if for each pair (f,g) of two morphisms f,g: A — B in C, if f # g,
then there exists a morphism u : G — A from an object G in the family G such that

fu # gu. O

Example 3.1.2 (generators). Let Sets be the category of sets in a fixed universe.

Then for any singleton {x} in Sets, {{*}} generates Sets. O

Fact 3.1.4. Let (C,J) be a site and a the associated sheaf functor (the left adjoint
of the inclusion functor i : Sh(C,.J) < SetsC" ). Then the family {ay(C)|C € C}
of sheaves associated to representable presheaves gemerates the Grothendieck topos
Sh(C, J) of sheaves on the site (C,J). O

Proof. Let o, 8 : F' — G be two natural transformations between two sheaves F, G €
Sh(C, J) such that o # . The condition « # § implies that there exists an object
C € C and an element x € FC such that ac(x) # So(z). On the other hand, since
the associated sheaf functor a is the left adjoint of the inclusion functor 7, and by the

Yoneda lemma, we have the following bijection:
FC = Z(F)C = I_IornSetscolD (y(c)v Z(F)) &= HomSh(C,J) (ay(c)7 F)

Hence, since we have the element x € F'C with ac(z) # Bc(x), there exists a natural
transformation w, : ay(C) — F such that au, # Bu,. Therefore, {ay(C)|C € C}
generates Sh(C, J). The proof is complete. |

Definition 3.1.5 (non-degenerate). We shall say that a topos &€ is non-degenerate

if the initial object in & is not isomorphic to the terminal object in £. O

Definition 3.1.6 (well-pointed topoi). A topos £ with the terminal object 1 is
said to be well-pointed if {1} generates &. O

Fact 3.1.5. A non-degenerate topos € with the terminal object 1 is well-pointed iff
the hom-functor Homg (1, —) : £ — Sets is faithful. O

Proof. Suppose that £ is well-pointed. Let A, B € C and f,g € Homg(A, B) such
that f # g. Recall that Homg (1, —)(f) : Homg(1, A) 3 a — fa € Homg(1, B). Since
£ is well-pointed, there exists a morphism a : 1 — A such that fa # ga. This implies
that Homg (1, —)(f) # Homg(1,—)(g). Therefore, Homg(1, —) is faithful.
Conversely, suppose that Homg (1, —) is faithful. Let f,¢g € Homg (A, B) such that
f # g. Since Homg (1, —) is faithful, we have Homg(1, —)(f) # Homg(1, —)(g). This
implies that there exists a morphism a : 1 — A such that fa # ga. Therefore, £ is
well-pointed. The proof is complete. |

We always suppose that every well-pointed topos £ is non-degenerate.
Recall that in a topos £, every morphism U° : 0 — U from the initial object 0 to
arbitrary object U is a monomorphism (cf. [2, Corollary IV.7.5]).
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Definition 3.1.7 (two-valued topoi). A topos £ with the initial object 0 and the
terminal object 1 is said to be two-valued if the morphisms 1°: 0— 1 and ' : 1 — 1

are the only subobjects of 1. O
Fact 3.1.6. A well-pointed topos £ is both two-valued and Boolean. U

Proof. First, observe that any non-zero object U (i.e., an object U not isomorphic
to the initial object) in £ has a morphism from 1 to U. In fact, for a non-zero
object U, there exists at least two different subobject U° : 0 ~ U (cf. [2, Corol-
lary IV.7.5]) and idy : U — U. Since & is well-pointed, for two different mor-
phisms char(U°), char(idy) : U — €, there exists a morphism w : 1 — U such that
char(U%)u # char(idy)u. We shall call this morphism u a global section of U.

Next, we shall prove that £ is two-valued. To this end, suppose that m : U »— 1
is a subobject of 1 in €. If U is non-zero, there exists a global section u : 1 — U of
U. Then we have mu = idy, and hence mum = m. Since m is a monomorphism, we
have um = idy. Hence, m : U — 1 is an isomorphism. Therefore, m is the maximum
subobject of 1, i.e., m =!". Thus, 1°:0— 1 and !' : 1 — 1 are the only subobjects
of 1.

Finally, we shall prove that £ is Boolean. To this end, let m : S — E be a subobject
of an object E in £. By Fact B33, it is sufficient to show that SV —S = E. Suppose
that Sv—-S # E,ie, mV-m:SV-S — FEandidg : F — F are different subobjects.
Since & is well-pointed, for two different morphisms char(m V —-m), char(idg), there
exists a morphism z : 1 — E such that char(m V -m)x # char(idg)z. Note that x is

a monomorphism. On the other hand, consider the following pullback square:

V—2s SV S
v p.b. mV-m

Since & is well-pointed, the pullback v : V » 1 of mV —m along z is either 0! : 0 — 1
or (= id;). Suppose that v = id;. Then we have z = (m V —m)y. This contradict
to the condition char(m V —m)xz # char(idg)z. In fact, the equation x = (m VvV —-m)y

gives the following equations:

char(m V —m)xz = char(m V —-m)(m V —-m)y
= trueo 1°V7% o Y
= trueo !
= trueo ¥ o (m VvV —m)y
= char(idg)
= char(idg)

idgox

x.

Suppose that v = 1°. Then we have z Am 2 0. Since the Heyting algebra Subg (E) is

distributive, we have

r=xA(mV-m)=(xAm)V(xA-m)=ZzA-m.
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This condition is equivalent to x < —m. In particular, we have x < m V —-m. Hence,
there exists a morphism z : 1 — SV =S such that z = (mV —m)z. In the same way as
in the above, this contradicts to the condition char(m V —-m)x # char(idg)z. Thus,

we obtain SV =S = E. The proof is complete. |

Fact 3.1.7. Let £ be a topos which is generated by subobjects of the terminal object
1 in &, and moreover has the property that for each object E in £, Subg(E) is a

complete Boolean algebra. Then & satisfies the axiom of choice. O

Proof. Let p: X — I be an epimorphism in £. Put
Z:={n:N—1I|3s:N—=X, ps=n}C Subg(I).

By assumption, Subg (/) is a complete lattice. Hence, Z is an inductive poset. There-
fore, we can apply Zorn’s lemma and find a maximal subobject m : M — I of I such
that there exists a morphism s : M — X with ps = m. It is sufficient to prove that
M = I. Indeed, if M = I, then the subobject m : I > I of I is isomorphic to the

—1 is a section of p.

identity id;, and hence, m is an isomorphism. Thus, sm

Now, suppose that M # I. Then, since Subg([) is Boolean, m : M »— I has a
unique complement —m : =M — I which is non-zero. As in the proof of Fact B4,
there exist two different morphisms char(0™) and char(id-,s). Now, since subobjects
of 1 generates &, there exists a non-zero subobject !V : V »— 1 of 1 and a morphism
t : V. — =M such that char(0"M)t # char(id-)t. Note that ¢ is a monomorphism.
Indeed, since the unique morphism V.V —1lisa monomorphism, if ¢tf = tg for

Mg =1V

some two morphisms f and g, then we have IV f = 1"M¢f = g, hence, we

have f = g. Consider the following pullback diagram:

X7 X
p,i p.b. ip
Vo M .

Since the pullback of an epimorphism is also an epimorphism (cf. [2, Proposition
IV.7.3]), p’ is also an epimorphism. Hence, by V # 0, we have X’ # 0. Now, again
since Subg(1) generates &, there exists a non-zero subobject " : W — 1 of 1 and a
monomorphism 7 : W »— X’ as is the case for =M. Let n’'e : W — N — V be the

image factorization of the composite p'r : X’ — V as in the following diagram:

WHX’HV

RN

Then we have the following commutative diagram:

N>t—"l>ﬁM

O
n:=-mtn’ -m

1.
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Put n := —-mtn’ : N — I for short. Then we have n < —m in Subg(I). This implies
that m An = 0 in Subg (I). Therefore, the supremum m V n of m and n in Subg (1) is
given by their coproduct M + N, i.e., mVn = (m,n): M + N — I. We claim that
(m,n) € Z and (m,n) is strictly greater than m. To show this, first, we shall prove
that (m,n) € Z, i.e., there exists a morphism [ : M + N — X such that pl = (m,n).
Note that e : W — N is an epimorphism, by definition. On the other hand, since W is
a subobject of 1, e is a monomorphism. Hence, e is an isomorphism (cf. [2, Proposition
IV.2.2]). Now, we have two morphisms s : M — X and pzre~! : N — X as in the

following diagram:

VY M
/v %

re— X' u Xo|m
\Ii' p.b. ;JV)
Vv -M I

-m

By the universal mapping property of M + N, there exists a morphism [ : M+ N — X

-1

such that sy = s and lip = xre™" as in the following diagram:

M-—2sM+N<2_N
X y
l
S —1
v xTrre
X,

where 11 and 15 are injections. Then we have
pliu=ps=m and plis = prre t = —-mtp're”t = ~-mitn’ = n.

Hence, we obtain pl = (m,n). Next, we shall prove that (m,n) : M+ N » [ is strictly
greater than m : M — I. Since W is non-zero and e : W — N is an isomorphism,
n : N » I is non-zero. Moreover, since n < —-m, we have n £ m. Thus, we have
m < mVn 2 (m,n). Consequently, we obtain (m,n) € Z and m < (m,n). This

contradicts to the maximality of m € Z. The proof is complete. |

Theorem 3.1.2. Let P be a partially ordered set and —— the dense topology on P.
Then the Grothendieck topos Sh(P,——) of sheaves on the site (P,——) satisfies the

aziom of choice. O

Proof. We shall prove this theorem by applying Fact B1=4. Recall that for each
object E in Sh(P,—=), Subgyp -—)(£) is a complete Boolean algebra (cf. [d, Fact
3.3.11]). Now, it is sufficient to prove that Sh(P, ——) is generated by subojbects of
the terminal object 1 of Sh(P,——). Let a : Sets®" — Sh(P,——) be the associated
sheaf functor. By Fact B4, the associated sheaves {ay(p) | p € P} of representable
presheaves generate Sh(P,——). Note that for any p € P, the unique morphism
y(p) = 1in Setst” is a monomorphism. Since a is left exact, the unique morphism
ay(p) — 1 is also monomorphism in Sh(P,——), i.e., ay(p) is a subobject of 1 for any
p € P. Thus, Sh(P,——) is generated by subobjects of 1. The proof is complete. N
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3.2 The Cohen Topos

Let N be a natural numbers object for Sets. Let B be a set in Sets such that
the cardinality of B is strictly larger than that of 2N (e.g., B is the power set of the
power set of N, i.e., B = 22N).

Definition 3.2.1 (the Cohen poset). We shall call a pair (F), p) of a finite subset
F, of Bx N and a function p : F}, = 2 a forcing condition. For two forcing conditions

(Fp,p) and (Fy,q), we define an order < by

qu{qung and q [r,=p. (3.2.1)
We shall say that q is an extension of p if ¢ < p. We shall denote a forcing condition
(Fp,p) by p for short. We shall call the poset P of all forcing conditions ordered by
< the Cohen poset. o

Definition 3.2.2 (the Cohen topos). Let == be the dense topology on the Cohen
poset P. We shall call the category Sh(P,——) of sheaves on the site (P,——) the
Cohen topos. O

Note that the Cohen topos Sh(P,——) coincides with the topos of sheaves for the

double negation topology on Sets®”.

Definition 3.2.3 (continuum hypothesis (CH)). A topos £ with a natural num-
bers object N is said to satisfy continuum hypothesis (CH for short) if there exists
an object K in £ with monomorphisms n : N — K and k : K — QN where Q is a
truth valued object of £, and there exists no epimorphism from N to K nor exists

there epimorphism from K to QN. O
The main theorem is the following:

Theorem 3.2.1. There exists a Boolean topos satisfying the axiom of choice in which

the continuum hypothesis fails. O

Note that the Cohen topos Sh(P,——) has a natural numbers object ﬁ, since it
is a Grothendieck topos. By Theorem BT and Theorem BT2, the Cohen topos
Sh(P,——) is a Boolean topos satisfying the axiom of choice. We shall prove that
the Cohen topos Sh(P, ——) does not satisfy the continuum hypothesis. In the rest of
this section and the next section, we shall construct an object K in Sh(P,——) with

N

==

monomorphisms n : N— Kand k: K — Q where 2__, is a truth valued object
of Sh(P,——), and prove that there exists no epimorphism from N to K nor exists

there epimorphism from K to Qlflﬁ.

Lemma 3.2.1. Let P be the Cohen poset and —— the dense topology on P. Then
for any p in the Cohen poset P, the representable presheaf y(p) is a sheaf on the site
(P, ). O
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Proof. Let p,q € P. Let D be a sieve on ¢ such that D is dense below ¢q. Recall that
D is said to be dense below ¢ if r < ¢ for some r € P, then there exists d € D such that
d < r. Let {zx4}4ep be a matching family of y(p) for D. Note that z4 € y(p)(d) =
Homp(d,p) implies that d < p. To prove that the representable presheaf y(p) is
a sheaf on the site (P,——), we must show that there exists a (necessarily unique)
amalgamation of {x4}4ep. It amounts to show that ¢ < p. Suppose that ¢ £ p. By
the definition of P, ¢ £ p implies that there exists a pair (b,n) € F, C B x N such
that q(b,n) # p(b,n) or (b,n) ¢ F,. In both cases, there exists a forcing condition
q¢ : FgU{(b,n)} — 2 such that ¢’ [r,= ¢ and ¢'(b,n) # p(b,n). Then we have
q¢" < q. Since D is dense below ¢, there exists d € D such that d < ¢’. Then we have
d(b,n) = ¢'(b,n) # p(b,n). This implies that d £ p. On the other hand, recall that
d € D implies that d < p. This is a contradiction. Therefore, we obtain ¢ < p. The

proof is complete. |

Let A : Sets — Sets® " be the constant presheaf functor, i.e., for each set S € Sets,

(i) AWS)(p) =5 (peP);
(i) A(S)(p = ¢q) =ids (p <q).

Definition 3.2.4. We define a subfunctor A of A(B x N)(= AB x AN) as follows:

A(p) :=={(b,n) € Bx N |p(b,n) =0} (pe€P). (3.2.2)

¢

Note that if ¢ < p, then p(b,n) = 0 implies that ¢(b,n) = 0 for any (b,n) € B x N.
Hence, we have A(p) C A(q) if ¢ < p. Therefore, A is indeed a subfunctor of A(BxN).

Lemma 3.2.2. The functor A is a closed subobject of A(B x IN) for the double nega-

tion topology on Setspop, i other words,

~—A=A in Subg.rr(A(B x N)). (3.2.3)
O

Proof. The double negation operator satisfies that A < ——A. Let p € P. Tt is
sufficient to prove that (-—A4)(p) C A(p). Let b € B and n € N. We shall show that
(b,n) ¢ A(p) implies that (b,n) € (-—A)(p). By Lemma BT, we have the following

equivalence:

(b;n) € (==A)(p) & [Vg < p, Ir < q[(b,n) € A(r)]]
& Vg < p, Ir < q[r(b,n) =0]].

Suppose that (b,n) &€ A(p). Then we have two cases:

(i) p(b,n) = 1;
(ii) (b,n) & Fp.

In the case of (i), for all ¢ < p, we have g(b,n) = 1. This implies that (b,n) ¢
(—=—A)(p). In the case of (ii), define an extension ¢ € P of p as follows:

(a) Fy = FpU{(b,n)};
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oI p(blvnl) (b/’n/) € FP
Q(b,n)— { 1 (b’,n’):(b,n).
Then for all r < g, we have r(b,n) = 1. Hence, (b,n) ¢ (-—A)(p). Therefore, in any
case, we have (b,n) € (-—A)(p). Thus, we obtain (—=—A)(p) C A(p). The proof is

complete. |

We shall denote truth value objects of Sets® and Sh(P,—-) by Q and Q__. ,
respectively. Recall that -, is defined to be the equalizer of the identity and the
Lawvere-Tierney topology —— as in the following diagram:

Qs 0—=20. (3.2.4)
idQ

Since we have —— o == = ——, the Lawvere-Tierney topology —— also equalizes ——
and idg. Hence, by the universal mapping property of the equalizer e__,, there exists

a unique morphism 7 : 2 — Q- such that e = == as in the following diagram:

0. 0—=x0

A O ldQ

Q

Hence, we have (e__r)e—— = = oe_, = e__. Since the equalizer e__, is mono, we
have re_, =idq__, i.e., 7 is a retraction of e, : Q__, — Q.

Since —— o true = true, i.e., true equalizes —=— and idg, and e__, is the equalizer
of == and idg__, there exists a unique monomorphism true_— : 1 — €__ such that

e_— otrue__, = true as in the following diagram:

1
true
true— -
v O
Qom0 —=10.

ido

Recall that closed subobjects in Setst” is classified by the subobject classifier
true_- : 1 — Q- in Sh(P,——) (cf. [2, Lemma V.2.2]). More precisely, for a closed
subobject m : A — E in Sets®” the classifying morphism for m is given by rochar(m)
in Sh(P,——). Therefore, by Lemma B2, the subfunctor a : A — A(B) x A(N) is

classified by the subobject classifier true——, : 1 — Q__ as in the following diagram:

1A

A - 1
aI p.b. Itrueﬁﬁ (325)
A(B) x AN) ———> Q.

rochar(a)

We shall denote the composite r o char(a) by f : A(B) x A(N) — Q__, and write
g:A(B) = Q5™ for the exponential transpose of f by A(N).
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A(N)

Lemma 3.2.3. The morphism g : A(B) — Q=" is a monomorphism in Setst”.0

Proof. Let p € P. It is sufficient to prove that g, : (A(B))(p) — (Qé&N))(p) is
injective. Note that (A(B))(p) = B. By the Yoneda lemma, we have the following

bijections:
(Q209)(p) = Homgeegrer (y(p), QA1) 2 Homgeggeor (y(p) x A(N), Qo).
Hence, for each b € B, g,(b) can be identified with the natural transformation
gp(b) 1 y(p) X AN) = Q-
given, for each ¢ < p and n € A(N)(¢) = N, by
gp(0)(q,n) ={reP[r<gq, r(bn)=0}.

To prove that g, is injective, suppose that there exist two elements b and c of B with
b # c. Since F, C B x N is finite, there exists ng € N such that (b, ng), (¢, no) & Fp.

Now, define an extension r € P of p as follows:

(i) F, := F,U{(b,no), (c,n0)};
(ii)

P
r(d,n)=4 0 (d,n) = (b,ng) (3.2.6)

1 (d,n) = (¢,n0)-
Then we have r € g,(b)(p,no) and 7 & g,(b)(p,ng). This implies that g,(b) # gp(c).
Thus, g, is injective. The proof is complete. |

Let a be the associated sheaf functor for the inclusion i : Sh(P, =) < Sets®"

op a
Sets® L Sh(P,——).

Corollary 3.2.1. There exists a monomorphism
m : a(A(B)) — QM) (3.2.7)
in the Cohen topos Sh(P,——). O

Proof. Let m :=a(g) : aA(B) — a(QA(N)) By Lemma B3, g is a monomorphism,
and since the associated sheaf functor a is left exact, m is also a monomorphism.
Hence, it is sufficient to show that a(Qé&N)) and Q25N qre isomorphic. Let X be

an object in Sets®”. Then we have the following natural bijections:

Homg, por (X, Q2N))
= Homggueen (AN) X X, Q) (- A(N) x (=) | (—)3)
= Homgy(p,~—) (a(A(N) x X),Q--) (" Q- € Sh(P,——) and a H14)
= Homgp(p,~—) (a(A(N)) x a(X),Q--) (" ais left exact)
= Homgy,(p,--) (a(X), 220 0)) - (- a(A(N)) x (=) A (-)280)
= Homgggerer (X, Q2EMD) (- 2(AMN)) € Sh(P, ——) and a ).
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Now, take X = y(p) (p € P). Then by the Yoneda lemma, we have the following
natural bijection:
QAN (p) = 2™ (p)  (p e P).

Hence, there exists a natural isomorphism between Q4™ and Q2L™) - There-
fore, Q2™ and 2™ e isomorphic. Since Q2™ s 4 sheaf for -, we have
a(Qé&N)) = ai(QéiN)) ~ 4N Thus, a(Qé&N)) and Q22 ™) are isomorphic. The

proof is complete. n

3.3 The Preservation of Cardinal Inequalities

Throughout this section, let £ be a topos, true : 1 — Q a subobject classifier for £,

X and Y two objects in £.

Definition 3.3.1. For an object E in £, we define a mapping
imp : Homg (E,Y™) — Homg (E,QY) (3.3.1)

as follows. For a morphism f : E — Y¥ in &, we shall denote the exponential
transpose of f by f: Ex X — Y. Let me : Ex X — Imp(f) — E x Y be the image

factorization of the morphism (7, f) : E X X — E X Y as in the following diagram:

Ex X (. f) ExY

\ o) / (3.3.2)

Imp(f),

where 7, : E x X — E is the projection. We define a morphism img(f) : E — QY to
be the exponential transpose of the classifying morphism char(m) : E x Y —  for

m, as in the following:

Impg (f)
Imp(f) — 1 ExXY
har
mI p.-b. Itruc iIIlE(f)Xidy\L Nm) (333)
EXY —=Q, QY xY —=Q,
char(m) eva,y
img (f) = char(m). (3.3.4)
O
Lemma 3.3.1. The mapping img is natural in E. O

Proof. Let o : B/ — E be a morphism in £. We must prove that for any morphism f :
E — YX the equation impg (fa) = imgoa holds. Let me : Ex X — Img(f) — ExY
and m'e’ : E x X — Impg(f) — E x Y be the image factorizations of the morphisms

(r1, f) : ExX = ExY and (n}, fa) : E' x X — E' x Y, respectively. Note that we
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have (fa) = f(a x idy). Hence, the following outer rectangle is commutative:

B« X (m1,(fe)) By
o 7
N -

O¢><idx imE’ (fOé) O¢><idy
(3.3.5)
ExX - ExY
Yj) /

Then there exists a unique morphism s : Impg (fa) — Img(a) making the above
diagram commutative (cf. [2, Proposition IV.6.2]). Moreover, we claim that the above

outer rectangle is a pullback diagram. In fact, if there exists two morphisms i : A —

E'xY and k: A — E x X such that (« x idy )h = (w1, f)k, then one can prove that
l:= (#\h,mk) : A — E' x X is the unique morphism such that h = (7}, (fa))l and
k= (a xidx)l, where 7} : E' XY — E’ and 9 : F X X — X are projections. Since
image factorizations are stable under pullbacks in a topos [B, Fact.3.0.10], Impg/ (f«)

is the pullback of Img(f) along a x idy, i.e., m’ = (a x idy ) ~!(m). Thus, we have
char(m') = char((a x idy )™ (m)) = char(m) o (a x idy).
By taking the exponential transpose of each side of the above equation, we obtain
impg (fa) = char(m’) = (char(m) o (a x idy)) = char(m) o a = img(f) o a.
The proof is complete. u
By virtue of Lemma B=3, the mappings (img)ges give a natural transformation:
(imp)per : y(Y™) = y(Q).
On the other hand, by the Yoneda lemma, we have the following bijection:
Homggeeer (y (YY), y(QV)) 2 y(Q7)(Y™) = Home (Y, QV).
Therefore, there exists a unique morphism
im:Y* - QY (3.3.6)

such that the corresponding natural transformation gives img for each object F in &,

ie., im = imyx (idyx).

Definition 3.3.2. Let ty : 1 — QY be the exponential transpose of the composite

1xy 200 g tue o
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We define the object of epimorphisms Epi(X,Y) from X to Y as the pullback of ty

along the morphism im as in the following diagram:

1EPi(X,Y)

Epi(X,Y) =1
m{ﬁI p.b. Ity (337)
yX QY.

im
Epi(X,Y) “classifies” parametrized epimorphisms in the following sense:

Lemma 3.3.2. For any object E in &€, a morphism f: E —YX factors through the
subobject Epi(X,Y) — YX iff (m1, f): Ex X — E XY is an epimorphism in . O

Proof. Let f : E — Y be a morphism in €. Recall that im = imy x (idyx) and
(img)gee is a natural transformation. Hence, we have im o f = impg(f). Then, by
the definition of Epi(X,Y"), f factors through Epi(X,Y) iff

Since ty is the transpose of true o I'*Y we have the following commutative diagram:
ExY
!EXidY\L trueo! ExY

1xY O

rueo! XY
ty Xidy o

QYXYT'Q.

Q.Y

Then, by taking exponential transpose of each side of the above equation, we obtain
char(m) = true o 1¥*Y,

This condition is equivalent to that m : Img(f) — E X Y is an isomorphism, i.e.,
(r1,f) : Ex X — E x Y is an epimorphism. From the above, f factors through

Epi(X,Y) iff (w1, f) : Ex X — E XY is an epimorphism. The proof is complete. B

Corollary 3.3.1. In a non-degenerate topos £, Epi(X,Y) = 0 implies that there

exists no epimorphism from X to Y. O

Proof. We shall prove by contradiction. To this end, suppose that there exists an
epimorphism g : X — Y in £. Since we have the canonical isomorphism X = X x 1,
there exists a morphism f : 1 — YX such that its exponential transpose f is g.
Then, by Lemma B33 with E = 1, f factors through Epi(X,Y’) by some morphism
l:1— Epi(X,Y). By assumption, we have Epi(X,Y) = 0. However, any morphism
in a topos to the initial object 0 is an isomorphism (cf. [2, Proposition IV.7.4]).
Therefore, we have 0 22 1. This contradicts to the non-degeneracy of £. The proof is

complete. ]

Lemma 3.3.3. Letp: Y — Z be an epimorphism in E. Then there exists a morphism
from Epi(X,Y) to Epi(X, Z). O



3.3 The Preservation of Cardinal Inequalities

59

Proof. Consider the subobject mss : Epi(X,Y) — Y of YX as in (82371). Clearly,
mi¥ factors through Epi(X,Y). Then, by Lemma B33, (m;,m¥) : Epi(X,Y) x X —
Epi(X,Y)xY is an epimorphism. Consider the composite p* oms¥ : Epi(X,Y) — ZX,
where pX : YX — ZX is the exponentiation of p by X. Note that if pX o mss
factors through Epi(X, Z), then there exists a morphism from Epi(X,Y") to Epi(X, Z).
On the other hand, again by Lemma B=332, p* o ms% factors though Epi(X, Z) iff

(ml, (p¥ cgm{,-()) :Epi(X,Y) x X — Epi(X,Y) x Z is an epimorphism. We claim that

(mh, (pX omi)) = (idp x p) o (w1, m5S)

Note that, by the naturality and the universal mapping property of exponentiations,
we have (pX o my) = po mv{,( To see this, consider the following commutative

diagram:
Epi(X,Y) x X

m{fxidxl
YXxY
pxxidxl @)

z,X

(pXomsf)

By the naturality of the evaluation, we also have the following commutative diagram:
Epi(X,Y) x X

m})fxidxi O

YX x X —evyvx>Y

pXXidx\L O lp

ZXx X —— Z.
evz x

X
my

By the universal mapping property of the exponentiation by X, we have (pX o miy) =

po mv{f Therefore, we have (], (p¥ 5m§§)> = (idg X p) o (m1, m?f) Since idg and p
are epimorphisms, so is their cartesian product idg X p (cf. [2, Proposition IV.7.7]).

From the above, (7], (p¥ o msy)) is also an epimorphism. The proof is complete. M

Lemma 3.3.4. Let £ be Boolean, m : Z — Y a monomorphism and z : 1 — Z a
global section of Z. If Epi(X, Z) 20, then Epi(X,Y) 0. O

Proof. Since £ is Boolean, we have Y = Z + —Z, where —Z is the complement of
Z in Subg(Y). By the universal mapping property of the coproduct Z + —Z, for the
identity idz : Z — Z and z o 72 . Z 51— Z, there exists a morphism r : Y — 7

such that rm = idz as in the following diagram:

7" g4z 7

O O
T
idz v z017%
Z.
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Then r is an epimorphism. By Lemma B=373, the epimorphism 7 induces a morphism
q : Epi(X,Y) — Epi(X,Z). If Epi(X,Z) = 0, then ¢ is an isomorphism (cf. [2,
Proposition IV.7.4]). Thus, we obtain Epi(X,Y’) 2 0. The proof is complete. [ |

Definition 3.3.3. We shall say that an object X in £ has the Souslin property if any
family A of non-zero subobjects of X which are pairwise disjoint, i.e., for u : U — X
and v:V — X in A,

uAv =0 in Subg(X) whenever wu#wv, (3.3.8)

is at most countable. A Grothendieck topos £ is said to have Souslin property if it is

generated by a family of objects having the Souslin property. O

Let Sh(C, J) be a Grothendieck topos on a site (C,J) and a : SetsC” — Sh(C, J)
the associated sheaf functor for the inclusion i : Sh(C,.J) < Sets®’™. Let A and
I" be the constant presheaf functor and the global sections functor, respectively as
in the proof of Fact BT4. We shall denote the composite aA : Sets — Sh(C, J) by
~: 8 — S. Note that the functor 7 is left exact.

Fact 3.3.1. Let Sh(C,J) be a Grothendieck topos on a site (C,J) having the Souslin
property. Let S and T be two infinite sets in Sets. Then Epi(S,T) = 0 in Sets
implies that Epi(§7 f) >~ 0 4n Sh(C, J). O

Proof. Let S and T be two infinite sets in Sets such that Epi(S,T) = 0. Then, by
Corollary B2, there exists no epimorphism form S to 7. We claim that Epi(§ , JA“) ~
0. Suppose to the contrary, i.e., Epi(§, JA“) 2 0. This implies that Epi(:S'\, ZA“) has

at least two subobjects, namely, Epi(§ , f)o and id By the assumption that

Epi(S8,7)"
Sh(C, J) has the Souslin property, there exists a non-zero object X in Sh(C, J) with
the Souslin property and for which there exists a morphism f : X — Epi(g, f) — TS,

By Lemma BZ32, the following morphism g is an epimorphism:
g::<7r1,f>:Xx§%X><T\.

Since the functor = is left exact, for any two elements s : 1 — S and ¢t : 1 — T, we
have the corresponding global sections §: 1 S and #: 1> T in Sh(C, J). Consider
the following pullback diagram in Sh(C, J):

Us.t P, X x1
I p.b. I p.b. Iidx xt (3.3.9)
XXIEXXS;—»XXT\.
idx xS g

Put
W ={(s,t) e SxT|Us; 2 0}.

We claim that for any ¢ € T, there exists at least one s € S such that (s,t) € W.
To show this, first, note that S = [[ . ¢{*} in Sets. Since the functor ~is left exact,
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we have S = [I,cs 1, where 1 is the terminal object of Sh(C,.J). Since the product
functor X x (—) is a left adjoint, it preserves coproduct. Hence, we have
[Tx x1)=xxSs.
seS
Since pulling back along P, — X x S preserves coproducts (cf. [, Theorem IV.7.2]),
by (BZ3d), we obtain
[[v..=P.

ses
Moreover, the pullback h of the epimorphism g is also an epimorphism (cf. [2, Propo-
sition IV.7.3]), and since X is non-zero, P is also non-zero. Since we have P, =
HSES Ust, there exists s € S such that U 22 0. Therefore, for each t € T, there
exists at least one s € S such that Us; 2 0, as claimed above. In other words, we
have a surjection 7wy : W — T of sets.

Next, we claim that Us; A Usy = 0 in Subgyc,)(X x 1) (s € S, t,t' € T with
t#£1t). Let s€ S, and t,t/ € T witht #¢t. Thent:1— T and ¢ :1— T are
disjoint in Subgets(T):

Note that both the functor ~ and X x (—) preserves pullbacks and colimits, in par-
ticular, the initial object. Hence, the subobjects idx x f:Xx1— XxT and
idy x ¥ : X x 1 = X x T are disjoint in Subgy(c,y(X x T). Therefore, their
pullbacks Uy ; and Uy v are also disjoint in Subgyc,s) (X x 1).

Now, we shall complete the proof. Since X has the Souslin property, for each
s €5, the set W, :={t € T'| (s,t) € W} is at most countable. Since S is infinite, the
cardinality of the set W = |J,. g W5 equals that of S. Hence, there exists a bijection
i:S — W. Therefore, we obtain a surjection mei : S — T. This contradicts to the

assumption that Epi(S,T) 2 0. The proof is complete. |

We shall prove that the Cohen topos Sh(P, ——) has the Souslin property. To this

end, we use a special combinatorial property of the Cohen poset P.

Definition 3.3.4. Let P be a poset. For two elements p,q € P, we shall say that p
and q are incompatible if there exists no element r € P such that r <p and r <g¢q. A
subset A of P is said to be incompatible if for any different elements p,q € A, p and
q are incompatible. Finally, P is said to satisfy the countable chain condition (CCC
for short) if any incompatible subset A of P is countable, i.e., |A] < . O

Lemma 3.3.5. The Cohen poset P satisfies the countable chain condition. (]

Proof. For an incompatible subset A of P and each n € N (N = {0,1,2,...}), we

define a subset A,, of A as follows:

A, ={pe A||F,)| =n}.
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Then we have A = U,enArn (Note that |F,| is finite for any p € P). It is sufficient to
prove that |A,| < R for any n € N and any incompatible subset A of P. We shall
show this by induction.

For n = 0, there exists exactly one forcing condition on the empty-set. Suppose
that we have proved that any incompatible subset of P whose each forcing condition
defined on exactly n — 1 elements is countable. Let A be an incompatible subset of

P. For each m € N, put
Apm:={pe€A,|3FbeB, (bym)eF,}.

Then we have A,, = UyenAn,m. It is sufficient to prove that |A,, ,,| < Ry for each
m € N. Now, for each p € A, ,,, choose b, € B such that (b,,m) € F,. For each
m € N, put
Apmii={p€ A, |plb,,m)=1i} (i=0,1).
Let m € N. Put
Rumi = A{P Ip\{(bpm)} | P € Anmyi} (i =0,1).

We claim that |A, il < [Rumi| (¢ = 0,1). To show this, let p,q € A, with
P [FA\{(by,m)}= 4 [F,\{(by,m)}- Suppose that p # q. Since p,q € Ay m i, we have
p(bp, m) =i = q(by, m). Hence, we have (b,, m) # (bg,m), since p # ¢. Define r € P

as follows:

(i) F,:=F,UFy;
(i) 7(b,m) = p(b,m) for (b,m) € F,, and r(b,m) = q(b,m) for (b,m) € F,.

Note that r is well-defined, since p [F\{(b,,m)}= ¢ [F,\{(b,,m)}- Then we have r < p
and r < ¢g. This contradicts to the condition that A is incompatible. Hence, we have
p = q. Therefore, we obtain |A, m.i| < |Rnm,|- Note that since A, m,i (¢ = 0,1)
are incompatible subsets of P, so are the sets R, ,,; (¢ = 0,1) of their restrictions.
By induction hypothesis, we have |Ry, | < o for each ¢ = 0,1. This implies that
|Ap m.i] < N for each ¢ = 0,1. Note that A, = Ap moU Ay m,1. Thus, we have
| A, m| < RNg. The proof is complete. |

Lemma 3.3.6. The Cohen topos Sh(P,——) has the Souslin property. O

Proof. By Fact BT4 and Lemma B2, the set {y(p) | p € P} generates Sh(P, ——).
Since y(p)(q) € {*} for any p,q € P, we have {y(p) | p € P} C Subgy(p,~-)(1), where
1 is the terminal object of Sh(P,——), and is coincides with that of Setspop7 since the
associated sheaf functor is left exact. It is sufficient to prove that the terminal object
1 has the Souslin property. To this end, let {u; : U; — 1};¢; be a family of non-zero
subobject of 1 such that
w Au; =20 (1 # j).

Since {y(p) | p € P} generates Sh(P,——), for each i € I, there exists a forcing condi-
tion p; € P such that y(p;) < u;. Hence, we have

y(pi) Ny(p;) =0 (i #j).



This implies that there exists no » € P such that » < p; and r < p;, ie., p; and
p; are incompatible. On the other hand, by Lemma BZ3H, the Cohen poset satisfies
the countable chain condition. Therefore, {u;};iecr is at most countable. The proof is

complete. |

Now, we shall prove that the Cohen topos Sh(P,——) does not satisfy continuum
hypothesis. First, since the functor ~ is left exact, in particular, preserves monomor-
phisms, the condition N < 2N < B implies that there exist two monomorphisms
n: N 2N and [ : 2N - B in the Cohen topos. Moreover, by Corollary B=21, we
have the monomorphism m : B Qﬁﬁ in the Cohen topos.

Next, we shall prove that there exists no epimorphism from N to 2N nor exists

there epimorphism from 2N to oN

-

i.e., the following is a “strict inequality”:
N> "> oN. ™ N (3.3.10)

Since N < 2N in Sets, we have Epi(N,2N) = 0. Since the Grothendieck topos
Sh(P,——) has the Souslin property, we also have Epi(ﬁ,Q/ﬁ) >~ (0, by Fact BZX.
Hence, by Corollary BZ3, there exists no epimorphism from N to 2N. We claim that
Epi(2/1\\17 Qlflﬁ) = (0. To show this, we use Lemma B34. In the same way as in the
above, since 2N < B in Sets, we have Epi(2/1\‘17§) >~ (. Again, by Corollary B=2,
there exists the monomorphism m : B — Qli in the Cohen topos. On the other
hand, since we have a global section b : 1 — B of B in Sets, and the functor ~ is left
exact, we have the corresponding global section b:1— B in the Cohen topos. Since
the Cohen topos is Boolean, by Lemma BZ34, we have Epi(2/1\\I7 QISL) 2 (. Therefore,

there exists no epimorphism from N to Qfﬂ. The proof of Theorem B2 is complete.
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