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3.1 First Properties of the Category of Sheaves

Let (C,J) be a site. Then for the inclusion functor i : Sh(C, J) < SetsC”", there

exists a left exact left adjoint a (see [3, Theorem 3.3.1]), i.e.,

SetsC” T Sh(C, J).

%

The aim of the succeeding two sections is to prove the following theorem:

Theorem 3.1.1. The category Sh(C, J) of sheaves on a site (C, J) is an elementary

topos, i.e.,

(i) Sh(C,J) has finite limits and finite colimits;
(ii) Sh(C,J) has exponentials;
(iii) Sh(C,J) has a subobject classifier. O

Lemma 3.1.1. Sh(C, J) has limits and colimits. O

Proof. Let {F;}jc; be a diagram in Sh(C,J). Then {i(F})}jer is a diagram in
Sets®". Since Sets®” is complete, there exists the limit @jeli(Fj) = 'mjeIFj in
Sets®”". By [3, Lemma 3.2.1], l.&njeIFj € Sh(C, J). Therefore, Sh(C, J) has limits.

Similarly, let {F}};er be a diagram in Sh(C, J). Then {i(F})};er is a diagram in
SetsC”. Since Sets€” is cocomplete, there exists the colimit h—n)ljeli(Fj) € Sets©”.
Since the associated sheaf functor a has the right adjoint i, a preserves colimits.
Moreover, by [3, Corollary 3.3.1], ai is naturally isomorphic to idgn(c,s). Thus, we

have
Sh(C,J) > a(hﬂjgi(Fj)) = hﬂjelai(}?j)
= hgqjeIFj'
Therefore, there exists the colimit h_r)njeIFj in Sh(C, J). The proof is complete. W

Fact 3.1.1. Let ¢ : F — G be a natural transformation. Then ¢ is a monomorphism
in Sh(C, J) iff ¢ is a monomorphism in SetsC” . O

Proof. (=) Let ¢ be a monomorphism in Sh(C,J). Note that ¢ in Sh(C,J) is a

monomorphism iff the following diagram is a pullback square in Sh(C, J):

F
lqb
—G.

¢

idp
_—
idF p.b.

H<—M

Since the inclusion functor ¢ has a left adjoint, ¢ preserves limits, in particular,
pullbacks. Hence, ¢ is a monomorphism in SetsC”".

(<) Conversely, let ¢ be a monomorphism in SetsC” and 1,19 : E— F two nat-
ural transformations in Sh(C, J) such that ¢y, = ¢ib. Note that 1)1 and 9o
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are, in particular, natural transformations in SetsC” . Since ¢ is a monomor-
phism in Setscop7 we have 11 = 1. This implies that ¢ is a monomorphism
in Sh(C, J).

The proof is complete. |

Next, we shall show that Sh(C, J) has exponentials. Before proceeding, we observe
that if exponentials were to exist for all F,G € Sh(C, J), then they are constructed

by the same way as is the case for presheaves, i.e.,
i(FC) = i(F)(©),
In fact, for all P € Setscop7 we have the following natural bijections:

P —i(F%)
a(P) — F¢
a(P)xG— F
a(P) x ai(G) = F
a(P xi(G)) = F
P xi(G) = i(F)
P — i(F)i&),

since a is the left exact left adjoint of ¢, and by the definition of exponentials and
ai = idgy(c,s) ( [3, Corollary 3.3.1]).

Recall that Sets©” has exponentials.

Lemma 3.1.2. Let P be a presheaf on C and F a sheaf on (C,J). Then the expo-
nential F¥ in Sets®” is a sheaf on (C,J). O

Proof. Recall that the exponential F* € SetsC” is defined as
FP(C) = Homgg.cor (y(C) x P,F) (C € C).

Hence, each 7 € FF(C) is a natural transformation 7 :y(C) x P — F.
First, we shall prove some basic facts about 7 € F'¥'(C). By the naturality of 7, for

any h : E — D, the following diagram is commutative:

y(C)(D) x PD —2 —~ FD
y(C)(h)XPhi O th
y(C)(E) x PE———— FE,

ie,forallg: D — C ey(C)(D)and all z € PD,
(Fh)(tp(g,)) = Te(gh, (Ph)(x)) ((9,2) € y(C)(D) x PD). (3.1.1)

Recall that the action of F'¥ for morphisms is defined for f : ¢’ — C by for all
T FP(C),allg: D — C' € y(C')(D) and all z € PD,

(EC(f) ()bl 2) = p(fd,2). (3.1.2)
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Next, we claim that if F is separated, then F¥ is also separated. To show this, let
C € C and 7,0 € FP(C) be such that for all S € J(C) and all f: C' — C € S,

(FE(N(T) = (FP(N)(0), ie.,
™(fg'x) =op(fg' 2),
by (812). In particular, for ¢’ = ides
o (f,x) =oci(f,x) (f €S, e PC'). (3.1.3)
Let k : ¢! — C and x € PC’. By the stability axiom of J, k*(S) € J(C"). For all
g :D— C" €k*(9),

(Fg')(rcr(k, 2)) = mp(kg', (Pg)(x)) (by (BTT))
=op(kg',(Pg')(z)) (by (BL3))
= (Fg')(ocr (k,x)) (by (BI)).

Since F is separated, 7o/ (k,x) = o/ (k,x) for all k : C" — C and all x € PC’. Hence,
7 = 0. Therefore, F¥ is separated.

Finally, we shall show that all matching families have an amalgamation. Let S €
J(C) and {74} ses be a matching family of F¥ for S. Note that each 7 (f € S) is

a natural transformation 7, : y(D) x P — F'. Since {7¢}es is a matching family of
FP forall h: E' — E and all x € PE/,

(FP(9) (7)) e (hyz) = (149) B2 (h, ).
On the other hand, by the definition of F'*,
(FP(9) () g (hyx) = (75) 5 (gh, ).

Therefore, we have
(1r9)E (h, x) = (74) B (9h, @) (3.1.4)

We shall construct an amalgamation of {7} res. To this end, we shall define a natural
transformation 7/ : y(C) x P — FE 5o that for all f : D — C € S the following

diagram is commutative:

y(D)x P —1

y(f)Xidpl o) lnF (3.1.5)
y(C) x P —— T,

T

Since F is a sheaf, np is an isomorphism (see [3, Lemma 3.3.1 (ii)]). If 7/ were to exists,

an amalgamation is given by (nr)~17’. Indeed, let 7 := (np)~ 7" : y(C) x P — F.

*2 Recall that FTC = HSeJ(C) Match(S, F)/ ~c (C € C), where Match(S, F') is the set of
all matching families for S of F, and ~¢ is an equivalence relation defined as follows: for
x = {x}res € Match(S, F) and y = {yg}4er € Match(T, F) for some S,T € J(C) (C € C),

z~ey &L IR J(O), RCSNT and¥r € Rz, = yg.

We shall write [@] for the equivalence class with a representative matching family x. See (3,
Definition 3.3.3] for details.
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Then for all f: D — C € S, (FP(f))(r) = (FP(f))(np'7"). Forall g : E — D and
all z € PE,

(FP()()elg.x) =T6(fg,7)
= (tgo(y(f)r xidpr))(g,z)
= (11)e(9, 7).

Hence, (FP(f))(7) = 7f. Therefore, 7 is an amalgamation of {7/} scs.

Accordingly, we shall show that there does exist 7" as above. To this end, we define
75 :y(C)(B) x PB— F*B (B¢€C)
fork: B— C and z € PB by
(K, ) == [{(Tkn)dom(n) (idaom(n), (Ph) (%)) trek(s)]-
First, we must verify the well-definedness of 7, € F* B, i.e.,
{(7kn ) dom(n) (iddom(ny> (PR)()) }her=(s) € Match(k*(S), F).
Let h: B' — B € k*(S). Then for all m : B” — B’,
Fm)((ren) g (idpr, (Ph)(2)))
Tkn) g (m, (Pm)((Ph)(z)))  (by (B11))

(
= (
= (mkn) g (m, (P(hm))(x))
= ( )

Tihm) B (id gy, (P(hm)

(z))  (by (BT2)).

Therefore, {(7xn) 5 (idpr, (Ph)(x)) thek=(s) is a matching family for £*(S).
Next, we shall show that 7/ = (7;;) pec is a natural transformation from y(C) x P

to F't, ie., for each [ : D — B, the following diagram is commutative:

y(C)(B) x PB——" s F+B
y(C)(l)XPll O Fti

y(C)(D) x PD ———— F*D.

™D
Indeed, for all k: B — C and all x € PB,

(F*)(rp(k,x))
= (F D) ([{(Ten) dom(n) (idaom(n)» (PR) (%)) ner=(s)])  (by the definition of 7)
= [{(Tklh’)dom(h’)(iddom(h')7 (Plh )( ))}h’el* k*(S))] (by the definition of F+l)
On the other hand,

(Y (C) (1) x (PD)(k, z) = 7p (KL, (PI)(x))
[{Tklh’(iddom(h’)a (Ph/)((Pl>)(x))}h/€(kl)*(5)] (by the definition of ’7'/)
= {7 ([daom(nry, (PUR)) ()} hrers (ke (5))]-

Therefore, (F 1) (1) = 7 (y(C)(1) x (Pl)).
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Finally, we shall show that 7' has the required commutativity (8313). To this end,
let BeC,m:B— D and z € PB. Then

((nF) o (14))B(m, ) = (nr)B((T7) B(M, 7))
= [{(Fl)(rf)B(m,z)}ier,]  (by the definition of np)

= [{(7)dom@) (ml, (P1)(z)) hiets]  (by (BIT)).
On the other hand,

3(y(f)B x idpp)(m,z)
= 15(fm, x)
= [{(7fmn) dom(n) (ddom(n)» (PR)(@)) trhe(rm)=(s)]  (by the definition of 7')
= [{(7)aom(n) (mh, (Ph)(2)) bne(rm)~(s)]  (by (BIA)).

Since (fm)*(S) C tpg, this implies
{(71)dom@y (ml, (PO (2)) hets] = {(T1)dom(n) (A, (PR)(2)) Yhe(m)=(s))s

- (19)5 0 () 5(m, 2)) = T (y(f)5 X idpp)(m, ).

Consequently, 7’ is the required natural transformation. The proof is complete. W

3.2 Subobject Classifiers for Sites

In this section, we shall prove the category Sh(C, J) of sheaves on a site (C, J) has
a subobject classifier.

Let M be a sieve on C' € C. Recall that f € M iff f*(M) is the maximal sieve,
and M covers f: D — C ift f*(M) € J(D).

Definition 3.2.1 (closed sieves). Let M be a sieve on C' € C. Then M is said to
be closed (for J) if for all f in C, M covers f implies that f € M. O

Note that M is closed for J iff for all f: D — C, if f*(M) covers D, then f € M.

The closedness is stable under pullbacks:

Fact 3.2.1. Let M be a sieve on C € C and h: B — C. If M is closed, then h*(M)

s closed. O

Proof. Suppose that h*(M) covers f: D — B, i.e., f*(h*(M)) € J(D). Namely, M
covers hf. Since M is closed, hf € M, i.e., f € h*(M). Therefore, h*(M) is closed.
The proof is complete. u

Let S be a sieve on C' € C and we define

S :={h|cod(h) = C and S covers h}
= {h|cod(h) = C and h*(S) € J(dom(h))}.

Fact 3.2.2. S is a closed sieve on C. O
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Proof. First, we shall show that S is a sieve on C. Let h : D — C € S. Then
h*(S) € J(D). For any f : E — D, by the stability axiom, (hf)*(S) = f*(h*(5)) €
J(E), i.e., S covers hf, and cod(hf) = C. Hence, hf € S. Therefore, S is a sieve on
C.

Next, we shall show that S is closed. Suppose that S covers f : D — C. By the
definition of S, S covers h for all h € S. By the transitivity axiom of the arrow form

of a Grothendieck topology, S covers f. Therefore, f € S. The proof is complete. H
Fact 3.2.3. S is the smallest closed sieve on C € C containing S. (]

Proof. First, we shall show that S C S. Let f : D — C € S. Then f*(S) =tp €
J(D), f*(S) € J(D). Hence, S covers f. Therefore, f € S.

Next, suppose that there exists a closed sieve M on C such that S C M. Let
h:D — C € S. Then h*(S) € J(D). Since S C M, h*(S) C h*(M). This implies
h*(M) € J(D) (see [3, Fact 3.1.1]). Hence, M covers h. Since M is closed, h € M.
Therefore, S C M. The proof is complete. |

Accordingly, we shall call S the closure of S.

Fact 3.2.4. Forallg: D — C,

g9*(S) = g7 (9).

Proof. Let g : D — C. Since S C S, we have g*(S) C g*(S). Since S is closed, by
Fact B21, g*(S) is closed. By Fact B223, g*(S) C g*(S).

Conversely, let f : B — D € g*(S). Then gf € S, i.e., (gf)*(S) = f*(g*(9)) €
J(B). This implies that ¢g*(S) covers f, i.e., f € ¢g*(S). Hence, g*(S) C g*(5).
Therefore, g*(S) = g*(S). The proof is complete. |
Definition 3.2.2 (truth value object). We define a mapping

Q: C° — Sets (3.2.1)
as follows:

(i) QC :={M | M is a closed sieve on C} for C € C;

(ii) Qh:QC > M — h*(M) € QD for a morphism h: D — C. O

Note that the definition is well-defined, since h*(M) is closed for any morphism h if
M is closed. Since id5 (M) = M for all C € C and all closed sieve M, Q(id¢) = idgc.-

Since (2(fg))(M) = (fg)"(M) = g*(f*(M)) = (Qg)((2f)(M)) for all f,g, QA(fg) =
Q(g)Q(f). Therefore, Q is a presheaf on C.

Lemma 3.2.1.  is a sheaf on (C, J). O

Proof. First, we shall show that  is separated. Suppose M, N € QC (C € C) and
S € J(C) such that for all g € S (2¢)(M) = (Qg9)(N), ie., g*(M) = g*(N). Let
f € MNS. Then, by assumption and f € S, f*(N) = f*(M). On the other hand,
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J*(M) = taom(s), since f € M. Thus, f*(N) = tqom(s). Hence, f € N. Therefore,
MNSCNNS. By symmetry, NN.S C MNS. Consequently, M NS =NNS. Let
h:D — C € M. Then h*(M) = tp € J(D), i.e., M covers h. On the other hand,
since S € J(C), S covers h, by the stability axiom of J. Therefore, both M and S
cover h. This implies that M NS covers h (see [3, Fact 3.1.4 (iva)]). On the other
hand, since M NS =NNS C N, N covers h (see [3, Fact 3.1.1]). Since N is closed,
h € N. Hence, M C N. By symmetry, N C M. From the above, M = N. Therefore,
Q) is separated.

Next, we shall show that every matching family of 2 has an amalgamation. Let
S € J(C) and {My}fes be a matching family of Q, i.e., {My}res € [[ ;¢ 2(dom(f))

and
VfeS Vg:E— D, (Q9)(My)=g"(My)= My, (32.2)

Let M :={fg|g € My and f € S}. We claim that the closure M of M is the required
amalgamation of {My}scg. First, we claim that f*(M) = My for all f € S. Note
that f*(M) = {g| fg € M} D M;. Conversely, let uw € f*(M), i.e., fu € M. Then
there exists f' € S and g € My such that fu = f’g. Thus, My, = My 4. By (B22),
u*(My) = (Qg)(My1), i.e., u*(My) = g*(My). Since g € Mys, g*(My) is the maximal
sieve, so is u*(My). Hence, u € My. Therefore, f*(M) C M;. From the above,
we have f*(M) = M. Since the closure operation ~ preserves pullbacks and M is
closed, f*(M) = f*(M) = My = My. Therefore, M is an amalgamation of {M;} res.
The proof is complete. |

We shall call Q the truth value object of Sh(C, J).

Lemma 3.2.2. Let F be a sheaf on (C,J) and A a subfunctor of F. Then A is a
sheaf on (C,J) iff for all C € C, all x € FC and all S € J(C),

Vf:D—CeS, (Ff)(x)eAD] =z ¢ AC. O

Proof. Suppose that A is a sheaf on (C,J). Let C € C, z € FC and S € J(C).
Suppose that for all f : D — C € S, (Ff)(x) € AD. Then {(Ff)(z)}ses is a
matching family of both F' and A for S. Since A is a sheaf on (C, J), there exists a

unique amalgamation y € AC such that
Vfi:D—CelS, (Ff)(y)=(Ff)x). (3.2.3)

On the other hand, since F' is also a sheaf on (C,J), € FC is the unique amalga-
mation such that (B23) holds. Hence, y = . Therefore, x =y € AC.

Conversely, to show that A is a sheaf on (C, J), we shall prove that every matching
family of A has an unique amalgamation. To this end, let {}cs be a matching
family of A for some S € J(C). Then {zs}ses is also a matching family of F' for S.
Since F is a sheaf on (C, J), there exists a unique amalgamation z € FC of {xf}scg,

ie.,

Vf:D—=CeS, (Ff)(z)=2zy€AD.
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By assumption, x € AC. Suppose that there exists another amalgamation y € AC of
{zs}es. Then we have

Vi:D—=CeS, (Ff)(y) ==z5=(Ff)(z)

Since F is separated, we have y = x. Therefore, x € AC' is the unique amalgamation

of {xs}ses. This implies that A is a sheaf on (C,J) . The proof is complete. |

We shall call a subfunctor A of a sheaf F on (C,J) a subsheaf of F if A is a sheaf
on (C,J).

Definition 3.2.3 (truth arrow). We define a mapping true : 1 — Q for C' € C by

trueg : 10 = {*} 2 x — tc € QC. (3.2.4)

¢

Note that the mapping true is a natural transformation from the terminal object 1
to Q, since h*(t¢) =tp forall h: D — C.

Lemma 3.2.3. The natural transformation true : 1 — § is a subobject classifier for
Sh(C, J). O

Proof. Let F' € Sh(C,J) and A a subsheaf of F. We shall prove that there exists
a unique natural transformation x4 : F — 2 such that the following diagram is a
pullback square:

L

p

o<

—
X

1

b. Itruc (325)
Q

A

Y

where 4 is a unique morphism from A to the terminal object 1.

First, we define a mapping x4 : ' — € for each C € C by
(xa)c : FCo>x—{f:D—C|(Ff)(x) € AD}.

We must verify the well-definedness of x4, i.e., (xa)c(z) is a closed sieve on C for
all C € C and all z € FC. Since A is a subsheaf of F'| by Lemma B23,

Vi:D—=CeS, (Ff)lx)eAD=2z¢c AC.
Let (xa)o(x) cover g: E — C, ie.,

9" ((xa)o(x)) € J(E)
& {h|gh e (xa)c()} € J(E)
& {h[(FR)((Fg)(z)) € A(dom(R))} € J(E).

By Lemma B2, for all h € ¢*((xa)c(z)), (Fh)((Fg)(z)) € A(dom(h)) implies

(Fg)(xz) € AE. Hence, g € (xa)c(x). Therefore, (xa)c(z) is a closed sieve on C.
Next, we shall show that x4 : F' — 2 is a natural transformation. Let g : B — C.

Then (xa)p((Fg)(x))={f:D — B|(Ff)((Fg)(z))} € AD for all z € FC . Thus,
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for all x € FC,

f € (xa)s((Fg)(z))
< (Ff)((Fg)(z)) € AD
< (F(gf))(x) € AD
< gf € (xa)c(z)

& feg((xa)o(@)).

This implies the following commutativity:

Vo€ FC, g"((xa)c(x)) = (xa)B((Fg)(x)) :

F(yWAM 0C

b o o

FB——QB.

(xa)B

Next, we shall prove that x4 satisfies the above pullback condition (B=23). Recall
that limits in Sh(C, J) are computed as limits in SetsC” and are given by pointwise.

Therefore, the following diagram is a pullback square:
f
F

in Sh(C, J) iff for each C' € C, the following diagram is a pullback square:

1A
p-b. Itrue
— ()

XA

|AC
AC —— {x}

p.b. Itruec (326)
FC ——QC.

(xa)c

We shall show that for all C' € C and all x € FC,
r e AC & (XA)C(x) =1c.

(=) Let x € AC. Then for all f : D — C € te, (Ff)(z) € AD, since A is a
subfunctor of F'. By the definition of x4, f € (xa)c(z). Thus, tc C (xa)c(z).
Since t¢ is maximal, we have (xa)c(z) = to.

(<) Let (xa)c(z) = tc. Then for all f : D — C € te, (Ff)(z) € AD. By
Lemma B2, z € AC.

Consequently, the above diagram (B=28) is a pullback diagram for each C € C.
Finally, we shall show that x4 is a unique natural transformation such that the
above diagram (B=2®M) is a pullback diagram for each C' € C. Let ¥4 : F — Q be a

natural transformation such that the following diagram is a pullback square for each
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CecC:
!AC
AC —— {x}

I p-b. Itruec

FC ——QC.
(Ya)o

Since z € AC & (Ya)c(x) =tc < ide € (Ya)o(z), for all f: D — C,

(Ff)(z) € AD < idp € (¥a)p((Ff)(x))
<1idp € f*((Ya)c(x)) (by the naturality of 14)
& f € @a)o(x).

Hence, (¥)c(z) = {f | (Ff)(z) € AD} = (xa)c(x). Therefore, ¥ia = ya-

Consequently, the natural transformation true : 1 — 2 is a subobject classifier for
Sh(C, J). The proof is complete. |

With the above lemmas, the proof of Theorem BT is complete.
Corollary 3.2.1. Every Grothendieck topos is an elementary topos. O
Let (C, J) be a site.

Definition 3.2.4 (local surjectivity). Let P and Q be two presheaves on C and
¢ : P — @ a natural transformation. Then we shall say that ¢ is locally surjective
for J if for all C € C and all y € QC, there exists S € J(C) such that for all
f:D=CeS, (Qf)y) € ppPDE. 0

Corollary 3.2.2. Let F and G be two sheaves on (C,J) and ¢ : F — G be a natural
transformation. Then ¢ is an epimorphism in Sh(C,J) iff ¢ is locally surjective for
J. O

Proof. Suppose that ¢ : P — Q is locally surjective for J. Let o, : G — H be
two natural transformations between two sheaves G and H such that a¢ = S¢. Let
C € C and y € GC. Since ¢ is locally surjective for J, there exists S € J(C') such
that for all f: D — C € S, (Gf)(y) € ¢p[FD]. Since ap = B¢, we have

Vi:D—=CeS, ap((Gf)y) =Bp((Gf)y) (CeC,yeGO).
By the naturality of o and 3, we have
Vi:D—=CesS, (Hf)ac(y) = (Hf)(Boly) (CeC,yeGO)
Since H is a sheaf on (C,.J), in particular separated, this implies that
ac(y) =Pely) (CeC,yeGC).

Hence, a = 8. Therefore, ¢ is an epimorphism.

*3 ¢p[PD] is the image of PD under ¢p.
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Conversely, suppose that ¢ : ' — G is an epimorphism. We define a subfunctor A
of G for C' € C by

AC :={y € GC'|3S € J(C), ¥f: B = C €S, (Gf)(y) € 65[FB]}.  (3.2.7)

First, we shall prove that A is indeed a subfunctor of G. By definition, AC C GC.
Let f: D — C and x € AC. Then, by the definition of A, there exists S € J(C)
such that for all h € S, (Gh)(z) € ¢p[FB]. Consider f*(S) € J(D). Then for all
g€ (), (Go)(G)(x)) = (G(f9))(x) € S5[FB]. This implics that (Gf)(x) € AD.
Therefore, A is a subfunctor of G.

Next, we claim that A is a subsheaf of G, by Lemma B=Z2. To show this, let C € C,
xz € GC and S € J(C). Suppose that for all f : D — C € S, (Gf)(z) € AD. We
must prove that x € AC. By the definition of A, for all f: D — C' € S, there exists
Ty € J(D) such that for all g : B — D € Ty, (Gg)((Gf)(x)) € ¢p[FB]. We fix this
Ty for each f € S. Consider T := {fg| f €S, g € Tf}. Then T is a sieve on C and
forall f: D —=CeS, f*(T)={g|fg €T} 2DTs € J(D). Hence, f*(T) € J(D)
for all f: D — C. By the transitivity axiom of J, we have T € J(C). Therefore,
(G(fg))(z)) € pp[FB] for all fg: B— C €T € J(C). Thus, we have x € AC.

Let x4 : G —  be the classifying map for A — G. We shall show that ¢c[FC| C
AC (C € C). To this end, let y € ¢pc[FC], i.e., there exists x € FC such that
y = ¢c(x). Then for all f: B — C € t¢,

(Gh)(y) = (Gf)(¢c(x))
=¢p((Ff)(x)) € ¢pp[FB] (by the naturality of ¢).

Hence, we have the following pullback square:

Therefore, we have
xa0¢=trueo!%og.

Since ¢ is an epimorphism, we obtain y4 = true o !“. On the other hand, we also

have the following pullback square:

— =1

G
idGI p.b. Itrue
G Q.

—_—
XG

1G

Therefore, xyg = true o !9 = y4. Thus, A = G, since there exists a one-to-one
correspondence between subobjects and their classifying maps. This implies that

¢ : F' — G is locally surjective for .J, by the definition of A. The proof is complete.ll
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Corollary 3.2.3. Let P and @Q be two presheaves on C and ¢ : P — Q be a natural
transformation. Then a(¢) : a(P) — a(Q) is an epimorphism in Sh(C,J) iff ¢ is
locally surjective for J, where a is the associated sheaf functor for the inclusion functor
i:Sh(C,.J) < SetsC™. 0

Proof. Let ¢ : P — Q be locally surjective for J. Let , 8 : a(Q) — F be two natural

transformation such that

By the naturality of the unit 7 : Sets€” 3 P — ia(P) = a(P) € Sets®” of the

adjoint a 4 7, we have the following commutative diagram:

np

P——=a(P)
o o |
Q—~al@Q—=F
Hence, we have
aoilgod=aoa(g)oip=Boald)oip = Boigoé. (3.2.8)

On the other hand, since ¢ : P — @ is locally surjective for J, for all C' € C and all
y € QC, there exists S € J(C) such that

Vf:D—=CeS, (Qf)(y)e€ ¢p[PD).

By (B2R), forall f: D — C € S and all y € QC,

< (F)((anq)e(y) = (F)((Big)c(y))  (by the naturality of o and 3).

a(Q)
I
o
ik
I
vy

F.

afQ=pMq

Since F' is a sheaf, by the universal mapping property of 7g, we obtain a = S.
Therefore, ¢ is an epimorphism.

Conversely, let a(¢) : a(P) — a(Q) be an epimorphism and A a subsheaf of @
defined as (B=20):

AC = {y€QC|3S € J(C),¥f:B—C€S, (Qf)y) € o5|FB]}.

Let Q®) be the subobject classifier for the presheaf category Setscop, Q the subobject
classifier for Sh(C,J) and ¢ : Q < Q@) the inclusion functor. Recall that Q®)C :=
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{S| S is asieve on C} (C € C) and QC := {M | M is a closed sieve on C} (C € C).
Let x (), : Q — Q) be the classifying map for A — Q in SetsC” . Recall that

xWPely)={f: D= C|(Qf)(y) € AD} (Ce€C,yeQC).

We claim that (Xff))c(y) is a closed sieve for all C' € C and y € QC. Let (Xff))c(y)
covers f: D — C| ie.,

FOM)ew) =191 f9 € 6P)ey))
= {91(Q9)((Qf)(y)) € A(dom(g))} € J(D).

Hence, forall g: B - D € f*((xff))c(y)), (QR9)((Qf)(y)) € AB. By the definition
of A, this implies that (Qf)(y) € AD, ie., f € (x?)c(y). Therefore, (X)) (y) is a
closed sieve. This implies that X(p ) factors through ¢ : Q < Q@ ie., there exists a
mapping xa : @ — € such that X(p) = t0oxa. Then as is the case for the proof of

Corollary B2, we have the following commutative square:

P——s1
¢ O Itrue
Q ——>

Hence, we have
xa©0¢=trueo!r =trueo!? o ¢. (3.2.9)

On the other hand, since Q is a sheaf, by the universal mapping property of 7g,
there exists a unique mapping ¥4 : a(Q) — Q such that x4 = X4 o 7g. By the

naturality of 77 and (B229), we have

P
¢ 1P,

Q o aP)——
|
a(Q) =

XA 0¢=trueo!?op
& Xa0iigod=trueo!*P oy
& x4 0a(e)oip = trueo 12) o fp.

Since € is a sheaf again, by the universal mapping property of np, we have
X 0a(p) = true o 12) = true 0 1@ o a(¢).

Now, by assumption, a(¢) is an epimorphism. Hence, we have Y, = true o 1a(Q)

Therefore, we have

X(f) :LOXA:LOYAOﬁQ=Lotrue0!a(Q)OﬁQ:Lotrueo!Q.
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(p)

This implies that x;’ is also the classifying map of idg : @ — Q. Thus, A = Q.

Consequently, ¢ is locally surjective for J. The proof is complete. |
Corollary 3.2.4. ({f; : C; — C}licr)B € J(O) iff

Hay ) — ay(C) (3.2.10)
i€l

is an epimorphism in Sh(C, J). O

Proof. Consider the coproduct ng?sc )y(CZ-) of {y(C;)} in Sets®”. Since the

associated sheaf functor a preserves colimits, we have

a(H(SEtSC ) Hay ) € Sh(C, J).

el i€l

Let ¢ : ngitscop) y(C;) — y(C) be a natural transformation induced by {f;}icr,
,for D e Cand h : D — C; € y(Cy)(D), ¢p(g) := fih. By Corollary B3,
a(qﬁ) :[;eray(Ci) — ay(C) is an epimorphism in Sh(C, J) iff ¢ is locally surjective
for J.
Suppose that ({fi}ier) = {figli € I, g € C} € J(C). Let D € Cand f € y(C)(D).
Then, by the transitivity axiom of J, we have f*(({fi}icr)) € J(D). Then for all
g: B — D e f*(({fi}tier)), there exists i € I and h : B — C; € y(C;)(B) such that

fg = fi;h. Hence, we have

W(C)9)(f) = fg= fih € bi lﬂﬁetsc““)y(oi)(fs)

icl

Therefore, ¢ is locally surjective for J.
Conversely, suppose that ¢ is locally surjective for J. Then for id¢ € y(C)(C) there
exists S € J(C) such that for all f: D — C € S,

() () (de) = f € ¢p

H(Setscop)y(ci>(D)] 7

iel

that is, there exists ¢ € I and g : D — C; such that f = f;g € ({fi}icr). Hence,
S C ({fi}icr). Since S € J(C), this implies that ({f;}icr) € J(C). The proof is
complete. |

3.3 Subsheaves

Let (C,J) be a site and E € Sh(C, J). Let Sub(E) be the set of all subobjects A
of F in Sh(C, J).

Since monomorphisms in Sh(C, J) coincide with monomorphisms in Setscup, a
subobject A € Sub(FE) is represented by a subfunctor A : C°P — Sets of F such that
A is a sheaf on (C, J). That is, A € Sub(E) is a subsheaf A of F (cf. Lemma B23):

*4 where ({f; : Ci — C}icr) is the sieve on C generated by {fi}icr, i-e., {fi : Ci — Clicr) :=
{figliel, geC}
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(i) forall C € C, AC C EC;

(ii) for all f : D — C, the following diagram is commutative:

AC—— EC

o o o

AD“—— ED;
(i) forall C € C,allec EC,all Se J(C)and all f: D —C €S,

(Ef)(e) e AD = e € AC.
We define an order in Sub(E) as follows:

Definition 3.3.1. Let E be a sheaf on (C,J) and A, B two subobjects of E.

A<B&L vocecC, ACcCBC. (3.3.1)

O

Fact 3.3.1. Let E be a sheaf on (C,J). Then (Sub(FE), <) is a poset. Moreover,
(Sub(E), <) is a complete lattice with respect to <. O

Proof. Let A, B € Sub(E). Then A A B is defined as follows:

(i) (AA B)C := (AC) N (BC) for C € C;
(i) (AAB)f: (AC)N(BC) >z (Ef)(x) € (AD) N (BD) for f: D — C.

Then A A B € Sub(E). More generally, for any family {4;};cr € Sub(E)! (I is any

small set), the infimum A, _; A; is defined as follows:

i€l
(i) (/\iel Ai)C = Nies AiC for C € C;
(ii) (/\iel A f=Ef: ﬂie] AC — ﬂiel A;D for f: D — C.

Then A, ; A; € Sub(E) and then the supremum \/,_; A; is given by as usual:

i€l i€l

\/ 4; = \{B € Sub(E) |Vi € I, A; < B}.
i€l

Therefore, (Sub(E), <) is a complete lattice. The proof is complete. |

Fact 3.3.2. The supremum \/,.; A; of subobjects {A;}icr of E can be described ex-
plicitly as follows: for all C € C and all e € EC,
ec(\/4)C
i€l
e {f:D—=C|Jiel, (Ef)(e) € A;D} € J(C). (3.3.2)
O

Proof. Let S:={f: D — C|3i eI, (Ef)(e) € A;D}. First, we shall verify that S
is a sieve on C. To this end, let f: D — C € S. Then there exists i € I such that
(Ef)(z) € A;D. Since A; is a subfunctor of E, for all g : E — D, (E(fg))(e) € A;D.
This implies fg € S. Hence, S is a sieve on C.
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Next, we shall verify that \/,.; A; described by (BZ32) is indeed a subfunctor of E.
To thisend, let S={f:D — C|Jiel, (Ef)(e)e A;D} € J(C)and g:C" — C.
Then g*(S) € J(S5), by the stability axiom of J. We claim that ¢*(S) = {h: D —
C'|3i € I, (E(gh))(e) = (ER)((Eg)(e)) € A;D}. Let h : D — C' € ¢g*(9), ie.,
gh € S. Then, by the condition of S,

Jiel, (E(gh))(e)e€ A;D.
Conversely, let h: D — C’ such that
Fel, (FEh)(e)e A;D.

Then gh € S, ie, h € g*(S). Hence, {h : D — C'|3i € I, (E(gh))(e) =
(Eh)((Eg)(e)) € A;D} = g*(S) € J(D), ie., (Eg)(e) € (V;c; Ai)C’. Therefore,
V,er Ai is a subfunctor of E.
Next, we must prove that \/;_; 4; is a subsheaf of E. To this end, let C' € C, S €
J(C) and e € EC and suppose that for all f: D — C € S,(Ef)(e) € (V,er 4i) D,

ie.,

{9:B—D|Tiel, (Eg)(E(f)(e)) € A;D} € J(D).
Put R:={h: D — C|3iel, (Eg)(e) € A;D}. Then, as we have seen in the above,
Vf:D—=CeS, f(R)={9:B—D|3iel, (FEg)(E(f)(e))e€ A;D} e J(D).

Hence, by the transitivity axiom of J, R € J(C), i.e., e € (Vz'el Ai)C. Therefore, by
Lemma B2, \/,.; A; is a subsheaf of E.

Finally, we shall verify that \/,.; A; described as (B=32) is the smallest subsheaf
containing all the A;(i € I). To this end, let C € C and e € EC. Suppose that
e € A;C for some i € I. Then, for all f : D — C, (Ef)(e) € A;D, since A;
is a subfunctor of E. Hence, {f : D — C|3i € I, (Ef)(e) € A, D} = tc € J(C).
Therefore, e € (\/;c; 4i)C. Thus, A; < \/,;
U of E such that A; < U for all i € I. Let e € (\/ieIAZ-)C. Then we have
S={f:D—-C|3iel, (Ef)(e) € A;D} € J(C). Since 4; < U for all i € I, for all
f:D—CeS, (Ef)(e) € UD. This implies that e € UC, since U is a subsheaf of
E. The proof is complete. |

A;. Suppose that there exists a subsheaf

Fact 3.3.3. Let E be a sheaf on (C,J). Then (Sub(E),<) is a complete Heyting
algebra. O

Proof. Since (Sub(E), <) is a complete lattice, it is sufficient to prove the following

distributive law:

V{A;}icr € Sub(E)', VB € Sub(E), BA\/A4; =\/(BAA4). (3.3.3)
el el
Since BA A; < B, A; for all ¢ € I, we have

\/(B/\Ai) < B, \/Ai.

el icl
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Hence, by the definition of the infimum, we obtain
V(BAA)<BA(\ 4).
iel el
Now, we shall prove the converse:
BA (\/A,) < \/(B/\Ai).
iel iel
To this end, suppose that e € BC and e € (\/,c; A;)C (C € C,e € EC). Then, by

Fact B2,
S:={f:D—->C|3iel, (Ef)(e) e A;D} e JC).

On the other hand, since B is a subfunctor of E, we have (Ef)(e) € BD for all
f:D — C € S. By the definition of the infimum, we have

ViD= CeS Jiel, (Ef)e)e (BAA)D.
This implies that e € \/;.;(B A A;). The proof is complete. [ |

Fact 3.3.4. The implication operator — in (Sub(E),<) can be described explicitly
for A, B € Sub(E) and e € EC (C € C) by

e€c(A—-B)C&Vf:D—C, (Ef)(e)e AD = (Ef)(e) € BD]. (3.3.4)
U

Proof. We shall prove that the operator — described by (82334) is indeed the impli-
cation operator in (Sub(FE), <). First, we must verify that A — B is a subfunctor
of E, e, foral g:C" — C, (Eg)(e) € (A — B)C' for all e € (A — B)C. To this
end, let e € (A — B)C and g : C' — C. Suppose that h : D — C’ satisfies that
(Eh)((Eg)(e)) € AD. Then, by (B334), (Eh)((Eg)(e)) = (E(gh))(e) € BD. This
implies that (Eg)(e) € (A — B)C. Therefore, A — B is a subfunctor of E.

Next, we shall prove that A — B is a subsheaf of E. To this end, let C € C,
e € EC and S € J(C). Suppose that

Vf:D—-CeS, (Ef)(e)e(A— B)D.

Then we must prove that e € (A — B)C. To this end, let g : C' — C and (Eg)(e) €
AC'. By the stability axiom of J, g*(S) € J(C'). Then for all h : D — C" € g*(9),
gh € S. Hence, by assumption, we have (Eh)((Eg)(e)) = (E(gh))(e) € (A — B)D.
by the definition of A — B, we obtain (Fh)((Eg)(e)) € BD . Therefore,

Vh:D — C' € g*(S), (Eh)(Fg)(e)) € BD.

This implies that (Eg)(e) € BC’, since B is a subsheaf of E. Consequently, for all
g:C" = C, (Eg)(e) € AC' implies that (Eg)(e) € BC’, ie., e € (A — B)C. Thus,
A — B is a subsheaf of E.

Finally, we shall prove that — describes the implication in Sub(E), i.e.,

VA, VB, YU € Sub(E), U< (A— B)eUAA<B.
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(=) Suppose that U < (A — B), i.e.,
VCeC,VueUC,Vf:D—C, (Ef)(u)e AD = (Ef)(u)€ BD. (3.3.5)

Let C € Cand u € (UC)N(AC). In particular, (Ef)(u) € UD. By assumption,
u€ (A— B)C. Let f: D — C. Since u € AC, (Ef)(u) € AD. Note that
u € (A = B)C and (Ef)(u) € AD implies that (Ef)(u) € BD, by (B=33).
Hence, for all f: D — C € tc € J(C), we obtain (Ef)(u) € BC. Therefore,
u € BC, since B is a subsheaf of E. Thus, UN A < B.

(<) Suppose that UNA < B. Let C € C, w € UC and f : D — C. Then
(Ef)(u) € UD. Suppose that (Ef)(u) € AD. Then (Ef)(u) € (UD) N (AD).
By assumption, (Ef)(u) € BD. Hence, for all f : D — C, (Ef)(u) € AD
implies that (Ef)(u) € BD. Therefore, u € (A — B)C. Thus, U A A < B.

The proof is complete. |

Definition 3.3.2 (pullback functors). Let E,F € Sh(C,J) and ¢ : E — F a

natural transformation. We define a mapping ¢~! : Sub(F) — Sub(E) for C € C,
e € EC and B € Sub(F) by pullback:

e € ¢ H(B)C < ¢c(e) € BC. (3.3.6)

%

We must verify that ¢~!(B) is a subsheaf of F' for all B € Sub(F). First, we shall

verify that ¢~1(B) is a subfunctor of E for all B € Sub(F). Let B € Sub(F). Then

¢~1(B)C C EC for all C € C, by definition. Let f: D — C and e € ¢~ '(B)C. Then

¢c(e) € BC. Since B is a subfunctor of F' and ¢ is natural, we have
op((Ef)(e)) = (Ff)(¢c(e)) € BD.

Hence, (Ef)(e) € ¢~Y(B)D, by the definition of ¢~!. Therefore, ¢~1(B) is a sub-
functor of E.

Next, we shall verify that ¢~!(B) is a subsheaf of E for all B € Sub(F). To this
end, let B € Sub(F),C € C, e € EC and S € J(C). Suppose that

Vf:D—=CeS, (Ef)(e)e¢ ' (B)D.

Since ¢ is natural, for all f: D — C € S, (Ff)(¢c(e)) = ¢p((Ef)(e)) € BD. Since
B is a subsheaf of F', we have ¢c(e) € BC, i.e., e € $~1(B)C. Therefore, ¢~1(B) is
a subsheaf of F.

We shall call ¢~ the pullback functor of ¢.

Fact 3.3.5. The pullback functor = of ¢ : E — F is order-preserving, i.e.,

VA, VB € Sub(F), A<B=¢ *(A)<¢ '(B). (3.3.

o2

Proof. Let A, B € Sub(F) such that A < B. Suppose that e € ¢~ 1(A)C (C € C).
Then ¢¢c(e) € AC C BC, since A < B. Hence, e € ¢~ 1(B)C. Therefore, ¢~1(A) <
¢~ 1(B). The proof is complete. ]
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Fact 3.3.6. Let E and F' be two sheaves on (C,J). For any natural transformation
¢ : E — F, the pullback functor $—* : Sub(F) — Sub(E) has both a left adjoint 3,

and a right adjoint V:
Jp 17t AV, (3.3.8)

The left adjoint 4 is described explicitly as follows: for C € C and y € FC,
y€3p(A)C & {f:D—C|3ac AD, ¢p(a) = (Ff)(y)} € J(O). (3.3.9)
The right adjoint V¢ is described explicitly as follows: for C € C and y € FC,

yeVe(A)C & Vf:D—=C, ¢ ({(Ff)y)}) C AD;
& Vf:D - CVx € EC,[pp(z) = (Ff)(y) = z € AD](3.3.10)
O

Proof. We shall prove that 34 and ¥, described as (B339) and (B=31M) are indeed a
left and a right adjoint of the pullback functor ¢! of ¢.

(3¢) First, we must verify that 3,(A4) is a subfunctor of F' for all A € Sub(E). By
definition, 34,(A)C C FC for all C € C. Let g : ¢’ — C and y € 3,(A4)C. We
must prove that (Fg)(y) € 34(A)C’. To this end, put

S:={f:D—C|3acAD, p(a) = (Ff)(y)}.

Then S € J(C), since y € 34(A)C. By the stability axiom of J, g*(S) € J(C’).
We claim that ¢*(S) ={h: D — C’|3a € AD,¢p(a) = (Fh)((Fg)(y))}. Let
h:D — C' € g*(S). Then gh € S. Hence,

da€ AD, ¢p(a) = (F(gh))(y) = (Fh)((Fg)(y))-
Conversely, let b : D — C’ and suppose that
da € AD,  ¢p(a) = (F(gh))(y) = (Fh)((Fg)(y))-
Then gh € S, i.e., h € g*(5). Therefore, we obtain
9"(S)={h:D = C"|3a € AD,¢p(a) = (Fh)((Fg)(y))} € J(C"),

that is, (Fg)(y) € 34(A)C".

Next, we shall prove that 3,(A) is a subsheaf of F for all A € Sub(E). To this
end, let C € C, y € FC and S € J(C). Suppose that for all f : D — C € S,
(Ff)(y) € 34(A)D. Consider a sieve on C

R:={h:D — C|3a€ AD, ¢p(a) = (Fh)(y)}.

If we can show that f*(R) € J(D) for all f : D — C € S, then, by the
transitivity axiom of J, R € J(C) and we obtain y € 34(A)C. To this end, let
f:D — C € S and consider f*(R)(={g: D' — D| fg € R}). We claim that

fr(R)={g: D" = D|3ae AD', ¢p/(a) = (Fg)((Ff)(y))}.
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Indeed,

g: D' — D e f*(R)
& fgeR

S 3ac AD, ép(a) = (F(f9))(y) = (F9)(Ff)(y)) (by the definition of R).

Since (F'f)(y) € 34(A)D, we have
{g: D" = D|Jae AD', ¢p/(a) = (Fg)(F)(y))} € J(D).

From the above, we obtain y € 34,(A)C. Therefore, 34(A) is a subsheaf of F'.
Finally, we shall prove that 34 is a left adjoint of ¢!, i.e., 34 satisfies the

following condition:
VA € Sub(E), VB € Sub(F), 3,(A)<B& A<¢ (D). (3.3.11)

To show this, let A € Sub(E) and B € Sub(F).

(=) Suppose that 34(A4) < B. Let C € C and a € AC. Then for all f: D —
C etc e JO), (Ef)(a) € AD. By the naturality of ¢, (Ff)(¢c(a)) =
¢p((Ef)(a)). Hence,

{f:D—C|3aeAD, ¢p(a) = (Ff)(¢c(a))} = tc € J(C).

Therefore, ¢pc(a) € 34(A)C. By assumption, 3,(A)C C BC. Thus, we
obtain ¢c(a) € BC | ie., a € ¢~(B)C.
(<) Suppose that A < ¢~ (B). Let C € C and y € 345(A)C. Then

{f:D—C|3aec AD, ¢p(a) = (Ff)(y)} € J(C).

Put S := {f : D — C|3a € AD, ¢p(a) = (Ff)(y)} for short. By
assumption, AD C ¢~ }(B)D. Hence, if a € AD, then ¢p(a) € BD.

Therefore, we have
Vi:D—CeS, (Ff)y)eBD.

Since B is a subsheaf of F', we obtain y € BC.

From the above, the proof of (BZ3) is complete and 3, is a left adjoint of
ot
We shall consider the right adjoint Vy. First, we must verify that V4(A) is
a subfunctor of F' for all A € Sub(E). By definition, V4(A)C C FC for all
CeC. Let g: C" - Cand y € V4(A)C. Then for all h : D — (',
o5 ({(FR(Fg))}) = 65" ({(P(gh))(y)}) € AD, since y € ¥,(A)C. This
implies that (Fg)(y) € V4(A4)C".

Next, we shall prove that V,(A) is a subsheaf of F for all A € Sub(E). To
this end, let C € C, y € FC and S € J(C) and suppose that

Vf:D—=CeS, (Ff)(y)e€Vs(A)D.
Let g : C' — C and x € ED such that

bor (@) = (Fg)(y)- (3.3.12)
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It is sufficient to prove that © € AC’. Consider g*(S) € J(C’). Then for all
h:D — C" € g*(S), gh € S and hence, (F(gh))(y) € V4(A)D, by assumption.
By (B3312) and the naturality of ¢,

(Fh)((Fg)(y)) = (Fh)(dcr(x)) = dp((Eh)(x)).

Since (F(gh))(y) € V4(A)D, this implies that (Eh)(z) € AD for all h: D —
C’ € g*(S) € J(D). Since A is a subsheaf of E, we obtain z € AC’. Hence,
y € V4(A)C. Therefore, V4(A) is a subsheaf of F.

Finally, we shall prove that V, is a right adjoint of ¢!, i.e., V,, satisfies the

following condition:
VA € Sub(E), VB € Sub(F), ¢ *(B) < A& B<V4(A). (3.3.13)

(=) Suppose that ¢~}(B) < A. Lety € BC(C €C), f: D — Candx € EC
such that
¢p(x) = (Ff)(y).
It is sufficient to prove that x € AD. Since ¢p(x) = (Ff)(y) € BD. By
the definition of ¢~!, we have x € ¢~}(B)(D). By the assumption that
¢~ (B) < A, we obtain € AD. Hence, y € V4(C). Therefore, B < V4(A).
(<) Suppose that B < V4(A). Let z € ¢~ 1(B)C (C € C), i.e., ¢c(x) € BC.
By assumption, x € V,(A)C. Hence, for all f: D — C € tc € J(C),

AD 2 o5 ({(Ff)(¢c(@)}) = 65 {op((Ef)(2))}) (. ¢ is natural).

Therefore, (Ef)(z) € AD for all f : D — C € tc € J(C). Since A is a
subsheaf of E, we obtain x € AC. Thus, ¢~*(B) < A.
From the above, the proof of (B313) is complete and V4 is a right adjoint of
ot
The proof is complete. |

To conclude this section, we shall consider some examples.

Fact 3.3.7. Let H be a complete Heyting algebra and J the sup topology (see [3,
Ezample 3.1.3] on H. Let 1 be the terminal object of Sh(H, J) (fix the representation
of 1 as 1(a) := {0} for all a € H). Then a mapping ¢ : Sub(l) — H defined for
S € Sub(1) by

o(S) = \/{c |0€ S(c)} (3.3.14)

is an order isomorphism. That is, any complete Heyting algebra can be realized as
the complete Heyting algebra of subobjects of the terminal object in a Grothendieck
topos. O

Proof. First of all, we shall prove that
Va € H, VS € Sub(1), a < p(S) < 0e S(a).

Let a € H and S € Sub(1).
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(=) Suppose that a < ¢(S). Since J is the sup topology, {c|0 € S(c)} € J(p(9)).
Since S is a subsheaf of 1, 0 € S(¢(5)). By the assumption that a < ¢(.5), this
implies that 0 € S(a).

(«<=) Suppose that 0 € S(a). Then a < \/{c|0 € S(c)} = ¢(95).

Next, we shall prove that ¢ is injective. To this end, let S,T" € Sub(E) such that
©(S) = ¢(T). It is sufficient to prove that 0 € S(a) < 0 € T'(a) for all « € H. If
0 € S(a), then a < p(S) = p(T), i.e., 0 € T(a). By symmetry, 0 € T'(a) implies that
0 € S(a). Hence, S = T. Therefore, ¢ is injective.

Next, we shall prove that ¢ is surjective. To this end, let s € A. Define S € Sub(1)
for a € H by

0 (a £ s).
We must verify that S is a subsheaf of 1. By definition, S(a) C {0} for all « € H.
Let a < b(a,b € H). If 0 € S(b), then a < b < s. Hence, 0 € S(a). Therefore, S is a
subfunctor of 1. Let a € H and {a;}ier € J(a), ie,,a =YV
i€, 0¢e S(a),ie,a; <s Thena=\,;
Hence, 0 € S(a). Therefore, S is a subsheaf of 1. Since ¢(S) = V/{c|0 € S(c¢)} = s,

 is surjective.

S(a) = {{0} (a<s).

se1 @i- Suppose that for all

a; < s, by the definition of the supremum.

Finally, we shall prove that ¢ is an order isomorphism, i.e.,
VS, VT € Sub(l), S<T & ¢(S) < (7).
Let S, T € Sub(1).

(=) Suppose that S < T. Then for all a € H, S(a) C T'(a) C {0}. This implies
that

o(5)=\/{al0e 5@} < \/{al0eT(a)} = (D).

(<) Suppose that ¢(S) < ¢(T). Let a € H. If 0 € S(a), then a < ¢(S) = ¢(T),
ie., 0€ T(a). Hence, S(a) C T(a) for all a € H, ie., S <T.

The proof is complete. |

Let (C, J) be a site and E be a sheaf on (C, J). Since a product over the empty-set
0 is a singleton, if § € J(C) (C € C), then the sheaf condition for F is described
as the following equalizer diagram for some two morphisms a and p (see [3, Remark
3.2.1] for details):

EC—— {x} == {+}.

This implies that EC' is also a singleton. Accordingly, we shall write z¢ for this

unique element of EC.

Fact 3.3.8. A mapping 0 : C°P — Sets defined for C € C by

_ Hzct (0eJ(C)),
0C := {@ 0 ¢ J(0)) (3.3.15)
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is the smallest subsheaf of E, where xc € EC is the unique element of the matching
family for 0 € J(C) of E. O

Proof. Let f: D — C. First, note that if § € J(C), then f*(0) = 0 € J(D), by the
stability axiom of J. Hence, (Ef)(x¢c) = xp. This implies that 0 is a subfunctor of
E.

Next, we shall prove that 0 is a subsheaf of E. To this end, let C' € C, x € EC and
S € J(C). Suppose that forall f : D — C € S, (Ef)(z) € 0D. Then (Ef)(z) =zp €
0D. Hence, ) € J(D). This implies that for all f: D — C € S, f*(0) = 0 € J(D).
By the transitivity axiom of J, § € J(C). Therefore, EC = {z¢}, i.e., x = z¢ € 0C.
Thus, 0 is a subsheaf of F/, by Lemma B=Z2. Clearly, 0 is the smallest subsheaf of E.
The proof is complete. |

Let E € Sh(C, J) and B € Sub(E).

Definition 3.3.3 (pseudo-complements). The pseudo-complement =B of B is de-

fined by
=B :=B—0=\/{U € Sub(E) |U A B =0}. (3.3.16)
O

Recall that
r€(B—0)CeVf:D—-C, (Ef)(z)eBD= (Ef)(z)e0D.
Since 0D # 0 < 0 € J(D), we have the following fact:

Fact 3.3.9. The pseudo-complement =B of B is described explicitly as follows: for
CeCandzxe EC,

z€ (-B)C&Vf:D—C, (Ef)(x)eBD=0¢eJ(D). (3.3.17)
U

Definition 3.3.4 (dense topologies). A sieve S on C € C is said to be dense below
Cif
Vf:D—C,3g: D — D, fges. (3.3.18)

A mapping J defined for C' € C by

J(C):={5]S is a sieve on C and dense below C} (3.3.19)
is called the dense topology on C. %
Fact 3.3.10. The dense topology J is a Grothendieck topology. (|

Proof. We shall prove that the dense topology J satisfies all the axioms of a
Grothendieck topology, i.e., (i) t¢ € J(C) for all C € C; (ii) stability axiom; (iii)

transitivity axiom.

(i) Since for all f: D — C, f = fidp € t¢, the maximal sieve t¢ is dense below
C.
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(ii) Let S € J(C) and h : C" — C. We shall prove that h*(S) is dense below C".
To this end, let f : D’ — C’. Then, since S is dense below C, for hf : D' — C,
there exists g : D” — D’ such that hfg € S, i.e., fg € h*(S). This implies that
h*(S) is dense below C".

(iii) Let S € J(C) and R be a sieve on C. Suppose that for all h : D' — C € S,
h*(R) € J(D'), i.e., h*(R) is dense below D’. Let f: D — C. Since S is dense
below C, there exists g : D’ — D such that fg € S. By assumption, (fg)*(R)
is dense below D’. Therefore, for idps : D’ — D', there exists k : D" — D’
such that k = idp/k € (fg)*(R), i.e., f(gk) € R. This implies that R is dense
below C.

The proof is complete. |

Note that if a sieve S on C is dense below C, then S # (). Therefore, for the dense
topology J, 0 & J(C) for all C € C.

Fact 3.3.11. Let J be the dense topology. Then for all C € C,
(-B)C ={zx € EC|Vf:D—C, (Ef)(xz)¢ BD}. (3.3.20)
Moreover, for all E € Sh(C,J), (Sub(E), <) is a complete Boolean algebra. O

Proof. We shall prove that (Sub(E),<) is a complete Boolean algebra. Let = €
EC (C € C). Put

Se:={f:D—=C|(Ef)(x) e BDor (Ef)(x) € (-B)D}.

We claim that S, is dense below C| i.e., for all f: D — C| there exists g : E — D
such that gh € S,. To show this, let f: D — C. We have the following two cases:

(i) There exists g : D’ — D such that (Eg)((Ef)(z)) € BD'. Then (E(fg))(z) €
BD' ie., fge S,.

(ii) For all g : D' — D, (Eg)((Ef)(z)) ¢ BD'. Then (Eg)(z) € (-B)D/, i.e.,
gidp =g € 5.

We shall prove that BV —-B = E. Recall that
x€(BV-B)C& S, ={f:D—C|(Ef)(x) e BDor (Ef)(z) € (-B)D} € J(C).
As we have seen in the above, S, € J(C) for all z € EC. Thus, we obtain
x € (BV-B)C < zxeEC.
This implies that BV =B = E. The proof is complete. |

Fact 3.3.12. Let J be the atomic topology. Then for each sheaf E on Sh(C,.J),
(Sub(E), <) is a complete atomic Boolean algebra. O

Proof. Recall that the atomic topology J is defined for a category C such that for
all f: D — Candall g: D" — C, there exists h : D” — D and k : D" — D’ such
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that fh = gk:
pr_F_
I
3n | O J/Vg
Y
D——C,
vf

and then the atomic topology J is defined for C' € C by
SeJ(C) &L Sisa non-empty sieve on C.

We claim that the atomic topology J is the dense topology. To prove this, let S
be a non-empty sieve on C, f : D — C and g : D’ — C € S. By the assumption
for C, there exists h : D” — D and k : D" — D’ such that fh = gk. Since g € S,
fh = gk € S. Hence, S is dense below C. Therefore, every non-empty sieve on C
is dense below C. As we have seen in the above, (Sub(E), <) is a complete Boolean
algebra.

We shall prove that (Sub(F), <) is atomic, i.e., for all B(# 0) € Sub(E), there
exists an atom A(# 0) € Sub(E) such that A < B. To this end, let B(# 0) € Sub(E).
Then, since B # 0, there exists C' € C such that BC # (. Then we fix such C € C

and x € BC. Define A, € Sub(E) for D € C by

yeA,DEL 3D 0, 3g:D - D, (Eg)(y) = (Ef)(x).
We must verify that A, is a subsheaf of E. First, we shall prove that A, is a subfunctor
of E. To this end, let h : D” — D and y € A,D. Then there exists f : D' — C
and ¢’ : D' — D such that (Fg)(y) = (Ef)(x). By assumption for C, there exists
k:D" — D" and [ : D" — D" such that gk = hi:

D _k D L> C

| o |

D// }H D.

Since (Fg)(y) = (Ef)(x), this implies that

(ED((ER)(y)) = (E(hD))(y) = (E(gk))(y) = (EF)((Eg)(y)) = (ER)(Ef)(x)
= (E(fk)(z)).

Hence, (Eh)(y) € Ay D". Therefore, A, is a subfunctor of E.

Next, we shall prove that A, is a subsheaf of E. To this end, let D € C, y € ED
and S € J(D). Suppose that for all h : D" — D € S, (Eh)(y) € A,D’. Since S is
non-empty, we can take h : D’ — D € S and fix it. Then there exists k : D" — C
and [ : D" — D’ such that (E(hl)(y)) = (El)((Eh)(y)) = (Ek)(z). This implies
that y € A, D. Hence, A, is a subsheaf of E. Moreover, since z € BC' satisfies that
x = (Fid¢)(z), we have x € A,C # 0. Therefore, A, # 0.

Next, we shall prove that A, is an atom of Sub(E), i.e., for all A(# 0) € Sub(E), if
A< A,, then A= A,. To this end, let A(# 0) € Sub(E). Suppose that A < A,. It is



sufficient to prove that A, < A. Since A # 0, there exists 2’ € AC” for some C’ € C.
By the assumption A < A,, we have 2’ € A,C’. Hence, there exits f': D" — C and
g : D" — C’ such that

(Eg)(z") = (Ef')(x) € AD".

To prove that A, < A, let D € C and y € A, D. Then there exists f : D’ — C and

g : D’ — D such that
(Eg)(y) = (Ef)(x).

By the condition for C, for f: D' — C and f’': D" — C’, there exists h: D" — D’
and k : D" — D" such that fh = f'k:

D _h D’ 9. D

o |

DI/ ﬁ C

From the above, we have

(ER)(Eg) () = (E(f'K))(z) = (E(fh))(x) = (ER)(Ef)(z)) = (ER)((Eg)(y))-

Therefore, (E(gh))(y) € AD"'. Since A is a subsheaf of E for the atomic topology,
this implies that y € AD. To prove this, consider the sieve (gh) generated by {gh}.
Since J is the atomic topology, we have (gh) € J(D). Hence, for all ghl € (gh),
(E(ghl))(y) = (El)(E(gh)(y)) € A(dom(l)), since A is a subfunctor of E. Since A is
a subsheaf of F, this implies that y € AD. Thus, A = A,.

Finally, we shall prove that A, < B, ie., A,D C BD for all D € C. To this
end, let y € A,D. Then there exists f : D’ — C and g : D’ — C such that
(Eg)(y) = (Ef)(x). Since z € BC, (Eg)(y) = (Ef)(z) € BD'. Consider the sieve
(g9) generated by {g}. Since J is the atomic topology, (g) € J(D). Hence, for all
gh € (g) € J(D), (E(gh))(y) = (ER)((Fg)(y)) € BD". Since B is a subsheaf of F,
we obtain y € BD. Therefore, A, D C BD. The proof is complete. |
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A-system lemma
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4.2 A-system lemma
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Definition 1 00 A0 A-system OO0000,00 00000, A00000 200
rz,yuooo,ooocooooobdg -00000. 00,

A : set

A0 A-system OO0 gﬂr, Ve,ye A, x £y—xzNy=r

rO,00 A-system O root 0O 0.

ooo, {{o,1},{0,1,2},{0,1,3}} O {0,1} O root O O O A-system 0O O O,
{{0,1},{0,1,2},{0,1,2,3}} 0 A-system 00 0O O00DO.
gogboooobooobooboog.

Theorem 1 (A-system lemma) 00 0000000000000 AQUODO,AD
0000 BO,00000 A-system 0000000000,

A : uncountable

Vx € A, x: finite
dB C A, B : uncountable N B : A-system
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new

Vee A, |z =n
dBC A, |Bl|=w1 A B:A-system
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Lemma 1 1. AC X",
2. | X| < |A]
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new
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Xy:={reX—-—r, |IBCA, |Bl=w1 A (ryU{z}) CB};
X,00DODOOO0O,000000 000, rgq1 :=7 U {ak}.
X,0pDooooooooo.

TAn ‘=T :1= U’I‘k
k

0r0000,A00000000 BO,00000 »00000000000000
0000. X,0,000000000000 BOOOOOOOO0O0O0O00000000
00 00000000000000 z00000000. 000000000 740
000,0000 k=7 00O.
A00D0OOOO»OO0O0,r0000»0000.000 00000000000
00,goal 00000000000 O0D0DO00. 000000000000, |rj=m00
00 goal00O0DOOOOOOO, |f|l=m+100000000.0000,
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meE w

IH:VA, Vnew, [Al=w; A UA:w1 AN Ve eA, |z|=n) A franl=m
— 3B CA, |Bl=wi1 A B:A-system

|A] = wy

X::UA

X C wy , uncountable

necw

Ve e A, [z =n

Ti=TaAn

|rl=m+1
dBC A, |Bl|=w1 A B:A-system

000 subgoal OO DODO.

r=rm1 000, 2, X, 00000 AOODODO BO, Bl =w 0 (rpU
{zp}) C(\BOODODOOODOOODODOO. BOOOOOO 2, 000000000
0,By:={b—{x}|beB}OOODO, |rg,n—1|=m000,000000 IHOO
00000000000 000000000. 000 IHOO0O00, BoO0OO000 By
0,0000 A-system 0O0OO0O0OO0OOOO. By0000O0O0OO 2, 000000,
By = {bU{z,} |be B} 0000,0000000 A-system 0, ADDDDOOO
ooo.

000 basecase, [r|=000000. 000000000,

r| =0 < {xeX—ro‘EBCA, 1Bl =w; A (rOU{x})CﬂB}zo
— {xeX’EIBCA, 1B =w, A xeﬂB}zo
e -Jre€X,IBCA, |Bl=w Aze()B
=VreX,VBCA ze(|B~|Bl<uw

O0000. 0000000000, goal00000O00OO0O.

Al = w1
X::UA

X =w;

neEw

Ve e A, |z =n

Vo € X, VB C A, xEﬂB—WB\gw
dB C A, |B|=w; A B:A-system

oooo0000 XCcw, OOODOO0D X=w, 00OOOO000,000 X0000O0O
O0000000,00000ge0000000000O00O0O.
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O00000D000,0000 A-system 000000000000 A-system 0000
O00OO0root00000,0000000disjoint0 ADOODOOOOOOOOOOO
00. 000 »;00000000000000D0000. 00000 {sa€A]acw}
O A-system 0000000 O0O.

{ba}a twp — X
O ¢ {Bata :w1 — P(A)
{Sa}a w1 — A

bo:=0
bo+1 :=max(s,) + 1
0 by 1= sup, < (ba) for A : limit
B, :={s € A | min(s) > by}
Sa = ¢(By)

000, ¢0 P(A) OO choice function 00 O.

0000000000 oOo0ooUoO0n,b, 0 X=w,0O0OOOOO, B,O AO
oooooooooooo,s, 0 ADDDO (OOD)0O0. 0D0D0DODOOOO, B,O,0
000 sO0000O000D00OO0 b, 00000D0O0O0O0ODODOOO. s,0,B, 0000
o00,000000000000D0O. b,0,s5,000000000000000O00OO
obooooogoog.

gooobooooooooo, B,Uoooooooooooooooogooooo
o.00bobobob.

Lemma 2 000 acw, 0000, B, #0.

Proof. a cw, 000. B,OOOOOOOOO, B,ooooo,
Vs € A, min(s) < by

O0O0.0000 A00O0O0O0OO0,000000O0.

A= U Ag, where Ag = {s € A | min(s) = 5}.
B<ba

oo
Vo € X, VBCA,xEﬂB—>|B|§w

00000,0 A4300000,00000 |4 =w, O, w O regularity 00, 0000
00000000 A40000000,000000.000,B,000000. (]

00000000000000. {sa€A|acw} O Asystem 0000000, O
00 pB<aecXOOOO,

max(sg) < bgy1 < by < min(sy)

O00000000000000.00,00000000,s3Ns,=0000,000
{sa €EA|laewn} 00000000 disjoint 0000, A-system 00O .
000000,000000000000000 041 <b,00.000000000.
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Lemma 3 000 B,acw, 0000, f<a 000 bgyg <bg.
Proof. « DO 0O0ODO0ODODOO.

a=0000 pg<abOOODOODODOOO.

a=y+1000 by <min(s,) < byyy =b, 000D00. B<y00000000
0000 bg+1 <b,000,8=~y000010=0,000,0000000
bg+1 <b, 000,

allimit000 o0 lmit000, < a0 p+1<aO00000. OOOO
ba =sups.,(bs) 000D DO, bgy1 <b, OOD. [ |

000 {sa€A|acw}0 AD00D Asystem 000000000000, OOO
wip 00000,00000000 wyOO.

0000 A-system lemma 0000000, cardinal 0 D000 00O, Cohen forcing
000 Con(ZFC) —» Con(ZFC+-CH)OOOOUOOUO. 0O 0QO0OOODOOOOOO
gooobooooob,obbboooobbboooobb. bbb booo
oooooooo.

EREpEEN

[1] Kunen, Kenneth. Set Theory : An Introduction to Independence Proofs. Elsevier
North-Holland. 1980.
[2] The Coq Proof Assistant. http://coq.inria.fr/


http://coq.inria.fr/
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oot

good

ooooboooooooo,b000o00000o00b0. 00oob0ooooon
O,0000000000000000,0000000000DO0DOOO
oooooooooog.

ggooooooboboo. bbb bbooobbo.oobbbooobbobooo
gboboooooooboboobo.

goobo,gooobooooooooboboboogo. bbbobooooobobooboooog
gobooobooboobo,obooboobobobobobooboobo,0ooboooo
gobo.goboobooboboo,bobbooboob,oobbobboobod
gogo. bboooobbboooobbboooobbbooo,gobbbooo
gobobooo,0gboboboboboboooooooog.

goob,boboooobobooobb. boobbbooobbboob. boog.

cooobooooboob,00o0co0oobo0obooo0obooooobOo,0bo0oo0o0booooa
ocoooo.oooooooooobooooo,bocoooooooboOoooo,booo0oa
oooood.

oobooooooobobooooooobo.ObooboooOoOOoOobOoOooOoOboOoDo
ooo0o0O.0oobooooooooooooobooooooon.

ooboooooooocoboocooboo,0000b000bOO00bOOOobObOOobObocOonn
oooooooboo. cooooooooooooobooboooooooboooboobooooog
cobO,00000000b00obooooOo0oocobooooOo0oooOoD. booobOoooa
ooboo,00oooooobooobooobooooboooobooobooooboboOobboOooobog
ooooooboooo0o. Obooooooooooboo0oooooooboOooooooDooboOg
cooOooo,0oboocooooboooc0ooboocobOOoooOoobobocOobOOoOooOo0. oooa
ooboooooooooooooobobogoooboooobooooooooooooD,bdg
coooocooooooooo.

oooooooood

gobodooooobbooooooobo. oboboobooooooobooooooonon
cobooooboooooooooobooobooooooooOoOoobOOoobOoOoDbOboOoD, b
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Os50 0O0O0O0O0O0O0O

¥
S -coker a —-coker b—~coker ¢

0 5.1

O0O: https://commons.m.wikimedia.org/wiki/File:Snake_lemma_complete.svg
0000: ikamusumeFan

goooo: CC BY-SA

coooooo,0oboboc0oboocooooooobo0oooOo,b0o000ooOobcO0ooOoobo,000
ooooo.ooobooooobooooooooobooooooon.
oooooooooooboooo

0—L*— M®*— N*—0

0ooo,
1 1 1
0 — Lt — Mt — NPl
\: \ \J
0O - L» —» MP — NP —= 0
\ \ N
0 — LPFt — MmptL 5 NPFL 5o

1 : i

000D0O0,000000000000
- HPTY(L) — HPY (M) — HPH(N) S HP(L) — HP(M) — HP(N) — -+ -

O000. 00000,0000000000000000000000000, 000
00D000000000000000000000000000000. 0000000
O00000000000000000000000000000000000000
0. [0]

0000000000, 000000000000000,000000000000
000000000000000000000. 000000000000000000d,
00000000000 000D000D000DO0000.

000000 A0OO0OODODOO E/AOODODO. O0OD0,0000000000
o000 K=%k,00000000 L=EKODODOOODOOOOO. OD0O0OOOO
Gal(L/K)0DDODOOO E/ADODODODDO kh=FENKODO E0DDOODOD
00000000,00000 LODODOOO. 00000000 LO0OD #0000


https://commons.m.wikimedia.org/wiki/File:Snake_lemma_complete.svg

o(r)/s000,0000000000000000000000D0000, Gal(L/K)™
00 LOODOOOOOO U 000000000000 Uz/V;0000000. 000
0U,0000,00000000 Nyg 00000000

1 — Gal(L/K)* - Uz Vi - Uz — 1

0O000. 0000000000000, 000000000000, U, 00
Gal(L/K)* 000 é5, 00000,0000000000000000

00000 gy : Up/Np(Ug) 2 Gal(L/K)*» 00000,00 LOODOOO0OO
0000, Uk = Gal(kay /ky) D000

000 k*~U,xZ000000, Gal(k,/k)=20000000000,00000
000000000Doooo. 2

000000000000 D000000D00000000000. 000000, 00
00D00D0000000000D000000000.

0000000000 00000D,000000000000000,000000
O00000. 0000000000, 0000000000000000000000
oogd.

00000000000,00000000000000,000000000000
0.00000000000000000000000.

000000D0000. 00000000000000000000000. 0000
O000.000000000000000000000,0000000000,000
ooooooood.

0000000,000000000000000000d.

ooooood.

ooooo.

000000000000000,00000000000000000. 00000
00D0000000000000000000000. 000000000000000
ooooooood.

000,000000000000000000D0000000.

00000000,0000,00000000000000.00000000000
ooooooood.

ooy

[1] B.OOODOO,00000 (1997)0000000000,0000
[2) 00DDO (1980)0000000,0000.
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oo 0 ODoooooOoOoOoOOoOoOOOOOOOOOOOOOOOOOCOOOOOOOOOb
goooooOooooobooOoOoOoooo
00000000000 http://blog.livedoor. jp/kensaku_gokuraku/

0000 O0OO0oooOoooooOooOoO0oOoO0oOoOo“co0oOo0oOoooOooOoooooon”
O00O0W@eth-bthO OO O
OO0 g oooooo oo

g0 o0 oooobooooooooOooboooOooobooOoOboOoooOoboObObOOoOoooooo

000 000000 RedmineOOOOODOOOOODOOOOODOOOOOgtOOOODO
goooooooooooooon

g0 oo ooo,bo0o0ob00O0boO0oOoboOooOboOobOboobOboOobOOoODbObO. ODbO,00000
goooooooooooo. oobbooobboooboboOooOoboOo,0b0o0obobOoooDo
goooooooooooooo0O,0000000000000. 000000000V
ooo0,000 pO0O0 p000000O0O00OO GOOOOOOD VOODOO, D
gooooooooooooooo,0booo0b00ooooobooooooboobooboooooon.
goboooooooooooo,boboo,0oo0oboo0booOo,0b000,0b000000O
gooooobo. ooocoooooboobooooboo,00000000,0000000O
oo.

oogo:

gobooooboooooboboobobo. bobooobo,booboboo
goooobooobo,oboboobooboobooboooobobooobooog.
vps,git,redmine 0 0 0 00 0000000000000 OOO0OOOOOO. ODOOO
O,00000000000! 0000000000000 O0OoOooOOUUoOooDooOoOOg
ooboooo,b0ooboocboobobooobo0obo. boboobobooobooo
goobodob,bogbboooboobboobooboboobboooboobLbooD.
OooCOOo tumbrO0OODODODODODODODO.

gogboobobooboooboo

000 0O The dark side of Forcing
OO0 O http://forcing.nagoya
ooo0O 0O 20150 80 140


http://blog.livedoor.jp/kensaku_gokuraku/
https://twitter.com/otb_btb
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