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There is a small cat from Topoi,
And her name is Joy.

She looks for the path

to the darkside of math.

[t’s going to be her favorite toy.
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3.1 Grothendieck Topologies

Let C be a small category . We shall denote the Yoneda embedding by y : C —

SetsC™. Recall that a sieve S on C € C is a collection of morphisms with codomain

*1 In this paper, we assume that there is a universe U in which we can perform usual set theoretic
operations and U itself is a set. We shall call each element of U a small set. A small category
is a category such that the both collections of all objects and all morphisms are small sets. We
shall denote by Sets the category of small sets whose objects are all small sets and morphisms
are all maps between small sets. See [Z] for details.

29
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C such that for all f: D — Cin Sandall g: E — D in C B, fg € S. Equivalently,
S is a sieve on C'iff S is a subfunctor of y(C).
Let Sbeasieveon C € Cand f: D — C. Then f*(S) := {h|cod(h) = D, fh € S}

Ed is a sieve on D.

Definition 3.1.1 (Grothendieck topologies) A Grothendieck topology on a small
category C is a mapping J which assigns to each object C' in C a collection J(C') of

sieves on C such that

(i) the maximal sieve tc = {f | cod(f) = C} on C is an element of J(C);
(ii) (stability axiom) If S € J(C) and f: D — C in C, then f*(S) € J(D);
(iii) (transitivity axiom) If S € J(C) and R is a sieve on C such that f*(R) € J(D)
forall f: D — Cin S, then R € J(C). &

Definition 3.1.2 (sites) We shall call a pair (C,J) of a small category C and a
Grothendieck topology J on C a site. <&

Let (C, J) be a site.
Fact 3.1.1 Let S € J(C) and R a sieve on C such that S C R. Then R € J(C). O

Proof By the transitivity axiom of J, it is sufficient to show that for all f : D —
C e S, f*(R) € J(D). Note that for a sieve S on C, the condition that idc € S is
equivalent to S = to. Let f : D — C € S. Since cod(idp) = D, f = fidp € S,
so idp € f*(5). Hence, f*(S) =tp € J(D). It is easy to show that S C R implies
f*(S) € f*(R). By the maximality of f*(S), f*(R) = f*(S) = tp € J(D). The

proof is complete. u

Fact 3.1.2 (iii") If S € J(C) such that for all f : Dy — C in S, there exists Ry €
J(Dy), then {fg| f €S, g€ R} € J(C). O

Proof Let T := {fg|f € S, g € Rf}. Then T isasieveon C and Ry C f*(T)(f € 9).
Since Ry € J(Dy), by Fact BI1, f*(T) € J(Dy) (f € S). By the transitivity axiom
of J, T € J(C). The proof is complete. [ ]

Example 3.1.1 Let X be a topological space equipped with a topology O(X). A
mapping J : O(X) 3 U — J(U)(a collection of sieves on U) defined for a sieve S on
U e O(X) by
seJu)yESvclJs(= U Vv) (3.1.1)
Ves
is a Grothendieck topology on O(X) EJ. We shall call this Grothendieck topology

open cover topology. <&

*2 Hereafter, we shall omit “in C” if the category under consideration is obvious.

*3 Hereafter, we do not write the composability condition like cod(h) = D explicitly, that is, if
we write fh, then we assume cod(h) = dom(f).

*4 For a poset, seen as a category, we can identify morphisms with its domains.
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Let S be a sieve on C. We shall say that S covers C if S € J(C). Similarly, for
f: D — C we shall say that S covers f if f*(S) covers D. S covers C iff S covers
ide. If f: D — C €S, then f*(S) is the maximal sieve tp on D.

Definition 3.1.3 (Grothendieck topologies (arrow form)) An arrow form of a
Grothendieck topology on a small category C is a mapping J which assigns to each

object C in C a collection J(C) of sieves on C such that

(ia) If S is a sieve on C and f € S, then S covers f;
(ila) (stability axiom) If S covers f: D — C, then for all g : E — D, S covers fg;
(iiia) (transitivity axiom) If S covers f : D — C and R is a sieve on C such that R
covers g for all g in S, then R covers f. o

Fact 3.1.3 The definition of Grothendieck topologies and its arrow form are equiva-
lent. More precisely, (i) < (ia), (ii) < (ila) aend (iii) < (iiia), where the numbers are
those of Definition @1 and Definition B3 a

Proof (i)=-(ia) Let S be a sieve on C and f : D — C € S. Then f*(S) is the
maximal sieve tp. By (i), f*(S) =tp € J(D), i.e., S covers f.

(ia)=(1) The maximal sieve t¢ on C is a sieve on C. Then id¢ € to. By (ia), to
covers C, i.e., tc € J(C).
(il)=(iia) Let S covers f: D — C, i.e., f*(S) € J(D). Then, by the stability axiom
(ii), for any g : E — D, g*(f*(9)) = (fg)*(S) € J(E), i.e., S covers fg.
(ila)=(ii) Let S € J(C), i.e., S covers C. Then S covers id¢. By (iia), for any
f:D—=C, Scoversidef = f, ie., f*(S) € J(D).

(iii)=(iiia) Let S covers f : D — C and R a sieve on C such that for all g in S
R covers g. By the definition of f*(S), for all h : E — D in f*(5), fh € S.
By assumption, R covers fh, i.e., h*(f*(R)) = (fh)*(R) € J(E) (h € f*(S) €
J(D)). By the transitivity axiom (iii), f*(R) € J(D), i.e., R covers f.

(illa)=-(iii) Let S € J(C) and R a sieve on C such that for all f : D — C in S,
f*(R) € J(D). Then S covers id¢ and for all f in S, R covers f. By (iiia), R
covers id¢, i.e., R € J(C).

The proof is complete. n

Fact 3.1.4 (iv) Let R, S € J(C). Then RN S € J(C).
(iva) Let R and S cover f. Then RN S covers f. O

Proof (iv) Let R,S € J(C). Then RN S is a sieve on C. By the stability axiom
of J,

Vf:D—CeR, [f*(RNS)={glfge RNS}=/{g|fgeS}=f"(S)eJ(D).

Since R € J(C), by the transitivity axiom J, RN S € J(C).
(iva) Let R and S cover f: D — C,ie., f*(R), f*(S) € J(D). Then, by (iv),

[r(RNS)={g|fge RNS} = f*(R)N f*(5) € J(D).
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The proof is complete. [ ]

Definition 3.1.4 (bases for a Grothendieck topology) A basis for a Grothendieck
topology on a small category C with pullbacks is a mapping K which assigns to each
object C' in C a collection K (C) of morphisms with codomain C' such that

(i") if f: C" — C is an isomorphism, then the singleton {f : C’ — C'} is an element
of K(C);

(ii') (stability axiom) If {f; : C; — C}ier € K(C), then for each g : D — C, the
pullbacks {n? : C; x¢ D — D};cr of f; along g is element of K(D):

Ci XCDLD

Trlll p.b. lg

Ci C;
fi

(iii") (transitivity axiom) If {f; : C; — C}ier € K(C) and if for each ¢ € I, there
exists {g” : Dij — Ci}jGIi S K(CZ), then {flg” : Dij — C}jeli,iel S K(C) &

We shall also call a pair (C, K) of a small category C with pullbacks and a basis
K for a Grothendieck topology a site.

Example 3.1.2 Let X be a topological space equipped with a topology O(X). A
mapping K : O(X) 5 U — K(U)(a collection of open subsets of U) defined by

{Ukier € KU) &5 U = U (3.1.2)
i€l
is a basis for the open cover topology on O(X). &

The name basis for a Grothendieck topology is justified in the following sense:

Fact 3.1.5 Let K be a basis for a Grothendieck topology on C. Then the mapping J
defined for a sieve S on C' € C by

SeJ)& 3Re K(C), RC S (3.1.3)

is a Grothendieck topology on C. O

Proof Let J be defined as (B1=3). We shall show that J satisfies all the axioms of
Grothendieck topologies.

(i) Since id¢ is an isomorphism, by (i’) of Definition BT, {id¢} € K(C). Since
{id¢} C te, by the definition of J, tc € J(C).

(ii) (stability axiom) Let S € J(C) and g : D — C. By the definition of J, there
exists R € K(C) such that R C S. Let R:= {f; : C; = C};cs. by the stability
axiom (ii’) of Definition BT,

T :={n?:C; x¢ D — D}ie; € K(D),
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where 72 is the pullbacks of f; along g. By the commutativity of the pullback
square, gr2 = f;w} for all i € I. Since for all f; € R fin} € R, gn? € R.
Namely, T C ¢g*(R). On the other hand, by R C S, g*(R) C ¢g*(S). Therefore,
K(D)>T C g*(S). By the definition of J, g*(S) € J(D).

(iii) (transitivity axiom) Let S € J(C') and R a sieve on C such that for all f : D —
Cin S, f*(R) € J(D). Then, by the definition of J, there exists T' € K(C)
such that T C S. Let T := {f; : C; — C}ics. Since forall i € I, f; € S, by
assumption, f(R) € J(C;), by the definition of J again, for all ¢ € I, there
exists T; € K(C;) such that T; C f*(R). Let T; := {gi; : Dij — Ci}jer,. By
the transitivity axiom (iii’) of Definition B4,

{figij : Dij = C}jericr € K(C).

Since for all ¢ € I and all j € I, ¢gi;; € fF(R), ie, figij € R,
R 2 {figij}ierjer, € K(C). Therefore, by the definition of J, R € J(C).

The proof is complete. [ ]

We shall say that a basis K generates J if K satisfies (B13) for all C € C. Con-

versely, we have the following fact:

Fact 3.1.6 Let J be a Grothendieck topology on C. Then there exists a maximal basis
K generating J defined by

ReK(C) <L (R)e J(C) (CeQ), (3.1.4)
where (R) := {fg | f € R} is the sieve generated by R, i.e., the minimum sieve
containing R, and the mazimality of K means that if there exists another basis K’
generating J, then for all C € C, K'(C') C K(C). O

Proof First, we must verify the mapping K defined by (BId) is a basis for a
Grothendieck topology.

(i) Let f: C" — C be an isomorphism. Then ({f}) =t € J(C), by the definition
(i) of J. By the definition (B12) of K, {f} € K(C).

(ii") (stability axiom) Let R := {f; : C; — C}lier € K(C) and g : D — C. Then,
by the definition of K, (R) € J(C). To prove the stability axiom of K, i.e.,
R :={n?:C;i xc D — D},c; € K(D), we shall show that (R’) € J(D). Since
(R) € J(C), by the stability axiom of J, ¢*((R)) = {k| gk € (R)} € J(D).
We shall show that (R') = g*((R)). Let k& € g*((R)). Then gk = f;h for

some ¢ € I and h. By the pullback condition, there exists a unique [ such that
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k= 771-217 h = 771-11:
° k

| o
A
h O C’Z Xchﬂ'f»D

;e
; p.b. g

f

Q<3

Since k is of the form k = 7?1, k € (R'). Hence, g*((R)) C (R').

Conversely, take 72m € (R’) arbitrarily. Then, by the commutativity of the
pullback square, gn?m = fimim € (R). Hence, m2m € g*((R)). Therefore,
(R") C g*((R)). From the above, (R') = ¢*((R)) € J(D).

(iii’") (transitivity axiom) Let R := {f; : C; — C}icr € K(C) such that for all i € I,
there exists R; := {g;; : Dij = Ci}jer, € K(C;). Then (R) € J(C), (R;) €
J(C;). To prove the transitivity axiom of K, ie., R’ = {fig;; : Dij —
C}jer,ier € K(C), we shall show that (R') € J(C). Let f;h € (R) for some h.
Then (f;h)*((R')) = {l| fihl € (R)}. Since (R;) € J(C;), by the stability axiom
of J, h*((R;)) = {l| hl € (R;)} € J(dom(h)). Note that for all I € h*((R;)),
there exists j € I; and k such that hl = g;;k. Then f;hl = f;g;;k € (R').
Hence, I € (f;h)*((R')). Therefore, h*((R;)) C (f;h)*((R')). Since h*((R;)) €
J(dom(h)), h*((R;)) C (f:h)*((R')) implies (f;h)*((R')) € J(dom(h)). Since
fih is an arbitrary element of (R) € J(C), by the transitivity axiom of J,
(R') € J(C).

From the above, K is a basis for J. Next, we shall show that K generates J. Let
S € J(C). Then, since S is a sieve, (S) = S € J(C). By the definition of K,
SeK(C).

Conversely, let S be a sieve on C. Then if there exists R € K(C) such that R C S,
then (R) C S. Since (R) € J(C), (R) C S implies S € J(C).

Finally, we shall show the maximality of K. To this end, suppose that there exists
another basis K’ which generates J. Let R € K’(C). Then, since R C (R) and by
(B13), (R) € J(C). This implies R € K(C). The proof is complete. [ |

Definition 3.1.5 (refinements) We shall say that {f; : C; — C}icr refines {g; :
D; — C}jep if for all i € I, there exists j € I’ and h;; : C; — D; such that
fi = gjhij. <&

Fact 3.1.7 For all P,T € K(C), there exists R € K(C) such that R refines P and
T. O

Proof Let J be the Grothendieck topology generated by K. Then, since P C (P),
T C(T), (P),(T) € J(C). By (iv) of Fact B4, (P)N(T) € J(C). By the definition of
J, there exists R € K(C) such that R C (P)N(T). In particular, R C (P) = {fg|f €
P,}. Hence, for all r € R, there exists f, € P and g, such that r = f,.g,. This implies
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R refines P. Similarly, since R C (T'), R refines T. The proof is complete. [ ]

Example 3.1.3 (Grothendieck topologies) (trivial topology) Let C be a small
category. A mapping J defined by

J(C) ={tc} (CeC)

is a Grothendieck topology on C and is called the trivial topology.
(sup topology) Let H be a complete Heyting algebra. A mapping defined by

{a:}icr € K(©) €5 \/a; =c (ceH) (3.1.5)
icl
is a basis for a Grothendieck topology. The Grothendieck topology generated
by K is called the sup topology. In particular, if H is a topology O(X) for
a topological space X, then the sup topology coincides with the open cover
topology on O(X).
(dense topology) Let P be a poset and p € P. We shall call a subset D C P dense

below p if
Vr<p, dge D, q<r. (3.1.6)

A mapping J on P defined by
J(p) :={D| D is a sieve on p such that dense below p} (peP) (3.1.7)

is a Grothendieck topology on C and is called the dense topology.
(atomic topology) Let C be a small category such that for all f : D — C and all
g: E — C, there exists h : F — D and k : F' — E such that fh = gk:

F-*-E
|
Ell O J/Vg
Y
D——C.
vf
Then a mapping J defined by
S e J(O) & Sisa non-empty sieve on C  (C € C) (3.1.8)

is a Grothendieck topology on C and is called the atomic topology. &

3.2 Sheaves on a Site
Let (C, J) be a site, P a presheaf on C and S € J(C) (C € C).

Definition 3.2.1 (matching families) A matching family for S (of elements) of P

is a mapping
S>(f:D—-C)—~zyePD

such that
Vf:D—-Ce€S,Vg: E— D, (Pg)(zy)=mxsq. (3.2.1)



36

% 3% Grothendieck fifH - ¥4 b L& - BLEAFIZBE$ 5 ) — b

We shall also call a family {zf} ;e satisfying (8=20) a matching family for S.

Definition 3.2.2 (amalgamations) An amalgamation of a matching family

{zs}fes for S € J(C) is an element « € PC' such that

VfeS, (Pf)(z)=ay. (3.2.2)

Definition 3.2.3 (sheaves on a site) Let P be a presheaf on C. Then we shall
call P a sheaf on (C,J) if every matching family for any S € J(C) (C € C) has a

unique amalgamation. <&

Fact 3.2.1 Matching families {x ¢} scs are described by natural transformations from
S to P, where a sieve S is identified with a subfunctor of y(C') = Homg(—,C). O

Remark 3.2.1 The definition of sheaves can be formulated diagrammatically as fol-
lows: a presheaf P is a sheaf on (C,J) iff for all C' € C and all S € J(C),

. p
PC — ] P(dom(f)) —= [[ P(dom(g)) (3.2.3)
fes fg€s
is an equalizer diagram, where e(z) = {(Pf)(x)}ses(z € PC), p({zs}res) =
{19} (r.g) and a({zp}res) = {(Pg) (@)} (s.g) {7} res € [1jes Pldom(f))).
We shall say that P satisfies the sheaf condition with respect to S € J(C) (C € C)
if P satisfies (B223) for S. <&

Let K be a basis for a Grothendieck topology on C with pullbacks, R := {fi}icr €
K(C) and {Z‘i}iej S Hie[ PC;.

Definition 3.2.4 (matching families for a basis) We shall call {z;};c; a match-
ing family for R if
Vi,Vjel, (Prj)(x;)=(Pmy;)(x;), (3.2.4)

where ﬂ}j and 7ri2j are the pullback of f; along f; and the pullback of f; along f;,

respectively. &

Definition 3.2.5 (amalgamations for a basis) We shall call z € PC an amalga-

mation of a matching family {z;};es for R if

Viel, (Pf)(z)=a. (3.2.5)

Fact 3.2.2 Let P be a presheaf on C with pullbacks, K a basis for a Grothendieck
topology on C and J the Grothendieck topology generated by K. Then the following

conditions are equivalent:

(i) P is a sheaf on (C,J);
(ii) For allC € C and all R :={f; : C; = C}icr € K(C), all matching families of

P for R have a unique amalgamation;
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(iii) For all C € C and all {f; : C; = C}ier € K(C),

PC — J[PC; == [ P(CixcCy) (3.2.6)
icl P (i,5)eIxI

is an equalizer diagram, where e(x) := {(Pfi)(x)}icr(z € PC), p1({x;}icr) ==
{(Pm; (@)} gy and p2({ziticr) = {(P75)(2;)} a5 ({zitier € [Tig, PCH)- O

Proof The conditions (ii) and (iii) are just rephrasing of each other.

(i) = (ii) Suppose P is a sheaf on (C,J). Let R = {f; : C; — C}icr € K(C) and
{z;}icr a matching family for R. Consider the sieve S := (R) = {f;k| fi € R}.
Define {yg}qes by yg := (Pk)(x;) if ¢ is represented as g = f;k for some i € I
and k. The definition does not depend on a particular representation of g. To
show this, let ¢ = f;h = f;k (4,5 € I) for some 4,5 € I, h and k. By the

pullback condition, there exists [ such that

Since {x;}ier is a matching family of R, (Pr};)(x;) = (Pn};)(2;). Therefore,

(Ph) (i) = (P(m;l))(x:) = (PY((Prij)(:)) = (PO((P7)(w;)) = (Pk)(x;)-

Next, we shall show that {y,}scs is a matching family for S. Let g = fik
for some ¢ € I and k. Then

(Ph)(yg) = (Ph)((Pk)(z:)) = (P(kh))(z:).
Since gh = f;kh, by the definition of y4p,
Ygh = P(kh)(x;).
Since P is a sheaf on (C, J),
Jlye PC, Vg€ S, (Pg)(y) =y,
In particular, since R 3 f; = f;ide, (i € I), for all i € I,
(Pfi)(y) = yp = (Pidg,)(x:) = .

Therefore, y is an amalgamation of {z;};c;.
Next, we shall show that {z;};c; have a unique amalgamation. Let ¢y’ € PC

be another amalgamation of {z;};c;. Then we have

(Pg)(y") = (P(fih))(y) = (PR)((Pfi)(y") = (Ph)(2:) = y,-
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Thus, 3’ is also an amalgamation of {y4}4es. Since P is a sheaf on (C, J), the
matching family {y,}4es have a unique amalgamation. Hence, we have y = /.
Therefore, {z;};c; has a unique amalgamation.

(ii) = (i) Suppose that S € J(C) (C € C), i.e., there exists R € K(C) such that
R C Sandlet R:={f; : C; = C}icr. Let {y4}4es be a matching family for S.
Then we must show that there exists a unique y € PC such that for all g € S,
(Pg)(y) = y,. Firstly, we shall show that {ys}rer is a matching family for R,

ie.,

Vfi,Vfp € R, (Pry)(yp) = (Priy)(yg,)-
Since {y,}ges is a matching family for 5, in particular, for all f; : C; = C €
RC Sandallg: D — C;, (Pg)lyy,) = yﬁg By the commutativity of the
pullback square, fﬂr = fm? i;- Taking g as 7r - for f; and 7r i for f;, respectively,
(PL)05) = Dyt = Ugyez, = (PE3)(f,). Thercfore, {yy}icr is a matching
family for R. By assumption, there exists a unique y € PC such that for all
fi € R, (Pfi)(y) = yy,. It is sufficient to show that

Vge S, (Pg)(y) =y,

Let g € S. Then, for all f; € R,

(P7%,0)((Pg)(y))
(P(g7%,)) (%)
= (P(fimp)y) (2 fimhy = 973)
= (P}, ) ((Pfi)())
= (Pmj)(yr)
=Ypni, (. {yy, }ier is a matching family for R)
=Ygmy, (i =0T
= (P?Tfl ) (yg) (. {yy, }ier is a matching family for R) . (3.2.7)

On the other hand, by the stability axiom of the basis K,
R':={n%,:Ci xc D — D}icr € K(D).

Since a functor P satisfies the associative law, { (Pﬂj%i s)(Yg)}ier is a matching
family for R’. By assumption, {(P77,,)(ys)}ier has a unique amalgamation.
On the other hand, (B224) shows that both (Pg)(y) and y, are amalgamations
of {(Pr%,,)(yg)}ier- By uniqueness, (Pg)(y) = y4 (9 € S). The proof is

complete. [ ]

Let C be a small category such that for all f: D — C and all g : E — C, there

exists h: F — D and k : F — FE such that fh = gk:
r-*-g
|
i i
\i
D——=C.

vf
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Then there exists the atomic topology J on C, i.e.,
S e J(C) & Sisa non-empty sieve on C.

Fact 3.2.3 Let P be a presheaf on C. Then the following two conditions are equiva-

lent:

(i) P is a sheaf on the site (C,J);
(ii) For any f : D — C and any y € PD, if (Pg)(y) = (Ph)(y) for all g and h
with fg = fh, then there exists a unique x € PC such that (Pf)(x)=y. O

Proof (i) = (ii) Suppose f: D — C and y € PD satisfies for all g,h : E — D with

fg = fh, (Pg)(y) = (Ph)(y). Consider the sieve S := (f) = {fk}r =: {t}tecs
generated by {f}. Define {z;}ics by

xt = (Pk)(y) (t = fk for some k).

Then z; does not depend on a particular representation of ¢ and {z:}ics is a

matching family for S. Since P is a sheaf on (C, J),
Nz e PC, VtesS, (Pt)(x)=mx:.

In particular, (Pf)(z) = zy = (Pidp)(y) = y. Let 2’ € PC such that
(Pf)(z') =y. Then for all t € S with ¢t = fk, for some ki,

(Pt)(2") = (P(fke))(2") = (PE)(Pf)(2")) = (Pk)(y) = z:.

Therefore, 2’ is also an amalgamation of {z;}¢cs. Since P is a sheaf, z = 2/.

(ii) = (i) LetS € J(C),1i.e., Sisanon-empty sieve on C' and {x}ses be a matching
family for S. We shall show that there exits a unique amalgamation of {zf} fcs.
Since S # (), we can chose fo : B — C € S. Since {zf}secs is a matching
family, for all g,h : E — D with fg = fh, (Pg)(zs) = (Ph)(zys). By
assumption, there exists a unique & € PC such that (Pfy)(z) = zy5,. It is
sufficient to show that for all f € S, (Pf)(z) = zy. Take f : A - C € S. By
assumption, there exists u : D — A and v : D — B such that fu = fov. Let
y = (Pv)(zy,) = (Pv)((Pfo)(x)) = (P(fov)(z)) € PD. If g,h : E — D such
that ug = wh, then fovg = fug = fuh = fovh:

g

E—=D-—'+B
h

u fo

Hence,

(Pg)(y) = (P(fovg)(x)) = (P(fovh)(x)) = (Ph)(y).
By assumption, there exists a unique z € PA such that

(Pu)(2) = y = (P(fov)(2)) = (P(fu)(z)) = (Pu)((Pf)(x))-
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By uniqueness, z = (Pf)(x). On the other hand, since {z}cgs is a matching
family for S, (Pu)(zy) = x5, = ((Pfu)(z)) = y. Therefore, z = x5 and we
obtain (Pf)(z) =z (f € S).

The proof is complete. [ |

Definition 3.2.6 Let (C,J) be a site. We shall denote by Sh(C,.J) the category
whose objects are sheaves on (C,J) and morphism are natural transformations.
Therefore, Sh(C,J) is a full subcategory of the category of presheaves SetsC” and
there exists the inclusion functor i : Sh(C,.J) < Sets®”" . &

Definition 3.2.7 (Grothendieck topoi) We shall call a category G which is equiv-
alent to the category of sheaves on a site (C,J), i.e. G = Sh(C,J), a Grothendieck
topos. &

Lemma 3.2.1 Let (C,J) be a site and I i +— P; € SetsC” a diagram of presheaves
P (i € I). If for all i € I, P; € Sh(C, J), then the limit lim,_, P; in Sets®” is a
sheaf on Sh(C, J). |

Proof Note that for P; € Sets®” (i € I), the limit @1% P; in Sets€” is given by

€I
pointwise:
(lim P,)(C) = (lim)(P,C) (C € C)
el el

N

and sheaves are obtained by equalizers as (B=233), in particular, limits. By the com-

mutativity of limits [2, p. 227], the statements follows. The proof is complete. ]

3.3 The Associated Sheaf Functor

The main theorem in this section is the following theorem:

Theorem 3.3.1 Let (C,J) be a site. Then the inclusion functor i : Sh(C,J) —
Sets€” has a left adjoint

a: Sets®” — Sh(C, J), (3.3.1)
i.e., a 1i. Moreover, a preserves finite limits, i.e., a is left exact. O

Definition 3.3.1 (separated presheaves) Let (C,J) be a site and P a presheaf
on C. Then P is called a separated presheaf on (C, J) if for any C € C, any z,y € PC
and any S € J(C),

vies, (PhHx)=({PhHly) = ==y (3.3.2)

Let P be a sheaf on (C,J), S € J(C)(C € C) and « = {zf} tcs a matching family
for S, then  has a unique amalgamation x € PC. If R € J(C) is a refinement of S,
i.e., R C S, then the subfamily {z}scr necessarily has the same amalgamation x.
That is, we may extract a unique amalgamation by collecting such matching families.

We shall denote the set of all matching families of P for S by Match(S, P).
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Definition 3.3.2 Let @ = {xf}cg € Match(S, P) and y = {y,}4er € Match(T, P)
for some S, T € J(C) (C € C). We define & ~¢ y as follows:

wwcyg}HReJ(C’), RCSNT and VreR, z, =vy,. (3.3.3)

Fact 3.3.1 ~c is an equivalence relation on [[g¢ ;o) Match(S, P) for each C € C.O

Proof The reflexivity and symmetry may be obvious. We shall show only the tran-
sitivity here. Let © = {z¢}scs € Match(S, P), y = {yg}4er € Match(T, P) and z =
{#n}nev € Match(U, P) be three matching families for some S,T,U € J(C) (C € C)
such that € ~¢ y, y ~¢c z. Then there exists R, R’ € J(C) such that R C SN T,
R CTNU and

VreR, z, =yg, YVr'€R, y. =z
Consider W := RNR’. Then W € J(C) and for all w € W, x,, = yyy = 2. Therefore,

x ~¢ z. The proof is complete. [ |

We shall denote the equivalence class with a representative matching family x by
[].

Definition 3.3.3 Let P be a presheaf on C. Define a mapping PT : C°P — Sets by

PtC:= [ Match(S,P)/ ~c . (3.3.4)
SeJ(C)
+ ~ . . . .
Fact 3.3.2 PTC = h_r)nSeJ(C)Ma‘cch(S7 P), where the colimit is taken over
all S € J(C) ordered by reverse inclusion, and then there exists a morphism
irs : Match(S, P) 3 {zs}es — {zs}rer € Match(R,P) if RC S. O

Proof To prove PTC has the universal mapping property, suppose that there exists
a cocone {75 : Match(S, P) — L}gecj(s) under L such that 70 = 7gigy for all S,T €
J(C) with S € T. We must show that there exists a unique map ¢ : PTC — L such
that 7¢ = tr for all 75 (S € J(C)), where 7 : Match(S, P) — P*C is the quotient

map for the equivalence relation ~¢, as in the following diagram:

PtC———— - ELUE =L
\ o /
Match(S, P).

Define t : PYC — L for @ = {xs}ses € Match(S, P)(S € J(C)) by
t([x]) := T5(x).

We must verify that the definition of ¢t does not depend on the choice of a particular
representative & € Match(S, P). To this end, let y = {y,}4er € Match(T, P) (T €
J(C)) such that & ~¢c y. Then there exists R € J(C) such that R C SN T and

x, =y, for all r € R. Hence, igs(x) = {x+}rer = {yr trer = irr(y). Therefore,

t[y]) = mr(y) = (Trirr)(y) = Tr(irr (¥)) = Tr(irs(¢)) = (Trirs)(2) = Ts(2) = t([2]).



42

% 3% Grothendieck fifH - ¥4 b L& - BLEAFIZBE$ 5 ) — b

Since t([z]) = (tn)(x), ¢ satisfies the commutativity 7¢ = ¢m for all 7¢. To prove
the uniqueness of ¢, suppose that there is another mapping ¢’ : PTC — L such that
7 = t'w for all 5. Then t'([x]) = t'm(x) = T5(x) = t([x]) for all x € Match(S, P).
Therefore, t' = t. The proof is complete. [ |

For h:C' — C, Pth: PYC — PT(C’ is defined by
(PTh)({zs}res]) == Hanp tprenss)) ({25} res € Match(S, P) (S € J(C))).

We claim that {zns}pep(s) € Match(h*(S), P). Indeed, for all f': D' — C' €
h*(S), hf' € S and for all ¢ : B/ — D', (Pg')(xny’) = Ty, since {zs}res is a
matching family.

We claim that the definition of PTh is well-defined. Let h: C" — C, & = {xs}fes
and y = {yg}ger be two matching families such that * ~¢c y, ie., there exists
R € J(C) such that R € SNT and z, = y, for all » € R. We must show that
{Zns} pren(s) ~c' {Yng' }gren=(r)- Comsider h*(R) C h*(S) N h*(T), by the stability
axiom of J, h*(R) € J(C"). It is sufficient to show that

vr' € h* (R)7 Lhy' = Yhr' -

Note that h*(R) = {7’ | hr' € R}. Since for all r € R, x, = y, and for all ' € h*(R),
we have xj,,» = yp,». Therefore, PTh is well-defined.

We claim that PT : C°P — Sets is a contravariant functor.
(i) Let S € J(C). Note that for id¢, id5(S) = S. Then
(Pride)([{zs}res]) = [{z s} res]-
(ii) Let h: C" — C and k : C” — C’. Since (hk)*(S) = {f' | hkf’ € S},
(PT(hk)) ({2 s} res]) = {annp | [ € (hk)*(S)}].

On the other hand, since k*(h*(S)) = {g| kg € h*(S)} = {f' | hkf € S} =
(hk)*(S),

(PT(E)((PTR)({zs}res)])) = (PYE){zng }pren )
= [{@nks }prers (sl

Let P, @ be two presheaves and ¢ : P — @ a natural transformation. We define a
mapping ¢ : PT — Q7T for C € C by
¢t PTC - Q10
o& (s} res]) == {baom(p) (wp)}res] (S € J(CO), {zs}res] € PTC). (3.3.5)
First, we must verify the well-definedness of ¢*. We claim that {¢aom(s)(2f)}ses is

a matching family of @ for S. Let f: D — C € S and g: E — D. Then, since ¢ is a

natural transformation and = is a matching family, we obtain

(Q9)(¢p(zf)) = 9u((Pg)(x5)) = ¢E(1g) = Pdom(sg) (T fg)-



3.3 The Associated Sheaf Functor

43

Hence, {@dom(s)(2f)}ses is a matching family of @ for S. Let @ = {zy}cs and
Yy = {yq}ger be two matching families such that  ~¢ y, i.e., there exists R € J(C)
such that R € SNT and z, = y, for all 7 € R. Then ¢qom(r)(2r) = Paom(r)(yr). This

implies that [{@aom(r) (%)} res] = [{Pdom(g)(Yg)}ger]. Therefore, ¢+ : P+ — Q% is
well-defined.

Next, we shall prove that ¢ is a natural transformation. Let {zs}res €
Match(S, P) (S € J(C)). Then for any h: D — C,

(QTh)(o&({z s} res))) = (QTR)([{baomr) ()} res]) = {Bdom(ns) (hs) } pren=(s)]

and

op(PTh([{zf}res))) = o5 ({zng Y prent(s)]) = {bdom@ns) (@ng )} prenss)] :

¢&

PTC ——Q*C

Pﬂzl O lQ*h

P*D ——=Q*D.
$D

Hence, (Q1h)(¢&([{zs}res])) = ¢4 (PTh([{zs}res])). Therefore, ¢ is a natural
transformation.

The functorial property of -+, i.e., id} = idp+ and (op)* = 1hTop™ for composable
two natural transformations ¢ and ¥ may be clear by definition.

From the above, the mapping
+:Sets®” 5 P Pt € Sets©”
is a functor and is called the plus construction.

Definition 3.3.4 (canonical maps of presheaves) Let P be a presheaf on C. We
define a family of mappings np = ((np)c)cec : P — P for each C € C by

(p)c(x) == {(Pf)(@)}retc] (x € PO). (3.3.6)

We claim that 7p is a natural transformation from P to P*, i.e., forany h : ¢’ — C,

the following diagram is commutative:

PC (np)c pro

Phl O lpﬁh (3.3.7)
PC' —— PTC".

(np)cr

Since tor = h*(t¢), we have

(PTh)((np)c() = (PTR)([{(PF)(2)} rete])
= [{(P(hg))(®)}gen=(tc)]
= {(Pg)((Ph)(z))}getc]-

On the other hand,
(mp)or ((Ph)(x)) = {(Pg)((Ph)(x))}getc |-
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Hence, (PTh)((np)c(x)) = (np)c ((Ph)(x)). Therefore, np = ((np)c)cec is a natu-
ral transformation. We shall call np the canonical map of P.

Lemma 3.3.1 Let P be a presheaf on C and np the canonical map of P. Then

(i) P is a separated presheaf on (C,J) < np is a monomorphism.

(ii) P is a sheaf on (C,J) < np is an isomorphism. O

Proof (i) (=) Suppose that P is separated. Let z,y € PC (C € C) such that

(np)o(@) = (p)o(y) = (P (@)} ree] = HIPH) W)} rerel- (3.3.8)

Then 3R € J(C) such that Vr € R, (Pr)(z) = (Pr)(y). Since P is separated
x = y. Hence, (np)c is injective for all C' € C. Therefore, np is a monomor-
phism.

(<) Conversely, suppose that np is a monomorphism, i.e., for all C € C, (np)c
is injective. Let 2,y € PC (C € C) and S € J(C) such that for all f € S,
(P)(@) = (PHm). Since {(PF)@)}res] = HPH@)}rere] = (p)c(z) and

PN W)} res] = HPH©)}rete] = p)ely), (np)e(x) = (np)o- Since ne is
injective, x = y. Therefore, P is separated.

(ii) (=) Suppose that P is a sheaf on (C, J). Then P is separated. Hence, by (i),

np is a monomorphism. Hence, it is sufficient to show that np is an epimor-
phism. Let C € C, S € J(C) and {zs}res € Match(S, P). Then, since P is a
sheaf, there exists a unique € PC such that {(Pf)(z)}fes = {zf}ses. On
the other hand, (70)c(z) = [{(PA)(@)}serc] = {(PF)(@)} res] = [or}res)
Hence, (np)c is surjective for all C' € C. Therefore, np is an epimorphism.
Consequently, np is an isomorphism.
(<) Conversely, suppose that np is an isomorphism. In particular, np
is a monomorphism. By (i), P is separated. =~ Thus, it is sufficient
to show that P has an amalgamation for all matching families. Let
{zs}res € Match(S,P) (C € C, S € J(C)). Since (np)c is surjective,
there exists € PC such that (np)c(z) = [{(Pf)(@)}rete] = {zf}res)
Hence, there exists R € J(C) such that R C S and z, = (Pr)(z) for all
re R Let f: D — Ce€S. Then f*(R) = {h| fh € R} € J(D), by
the stability axiom of J. Thus, for all h € f*(R), (P(fh))(xz) = . This
implies that {(Pfh)(x))}netr, ~p {Tfnthetr, = {(Ph)(z¢)}net,. Hence,
(1) p((PH@) = {PR(PHE@)ern] = [P @) i) = (p)p(es).
Since np is a monomorphism, (Pf)(z) = zy (f € S). Therefore, x is an
amalgamation of {zf} fes.

The proof is complete. u

Lemma 3.3.2 Let F be a sheaf on (C,J) and P a presheaf on C. Then for any

natural transformation ¢ : P — F, there exists a unique natural transformation
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q~5 : PT — F such that ¢ = ¢Z onp, i.e., np has the universal mapping property:

p—™" . pt

I
O

Vo 314'; (339)

[
[
[
[
Y
F.

Proof Let C € C, S € J(C) and [{z}fes] € PTC. Forany h: D — C in S, by the
definition of P,

(Ph)({zshres]) = Hong tprencs)) = {zng tpreen),
since h € S implies h*(S) = tp. On the other hand, by the definition of 7p,
(np)p(xn) = [{(PF)(@n)} freip] = Hang Y preip)-

Hence,
VhiD > CeS, (Ph)([{as}ses]) = (np)p(an). (3.3.10)

If the natural transformation ¢ : PT — F such that ¢ = ¢ o np were to exist, for
any h: D —Cin S,

(Fh)(éc)([{z s} res))

= op((PTh)([{zf}ses]))  (by the naturality of ¢)
= ép((np)p)(zn) (by (B3IM))

= ¢p(zn).

On the other hand, {@¢dom(n)(®r)}res is a matching family of F' for S and since F'
is a sheaf,
H'y € PC, Vh € Sv (Fh)(y) = ¢dom(h) (xh)

Accordingly, we define ¢ : P+ — F for each C € C and {zf}res] € PTC by
dc([{zs}es)) = v-
To verify that ¢~> is a natural transformation from P+ to F, we must show that for

any g : D — C'in C, the following diagram is commutative:

prc 2. pc

P+gl O ng

¢D

Let [{zn}tnes] € PTC. Then ¢p((PTg)([{zntres])) = op({zgn tneg-(s))) is a
unique z € F'D such that

Vh' € g*(S), (Fh)(2) = ¢aom(gh)(Tgn)-
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On the other hand, by the definition of ¢, for any ' € g*(9),

(FI)(Fg)(dc)({zn}nes])) = (F(gh))(dc)([{zn}nes])) = Paom(gn) (@on)-

Hence,
vh' € g*(S),  (FR)(@p((PT9)({zntnes))) = (FR)((Fg)(@c)({zntnes))-
Since g*(S) € J(C) and F is separated, this implies that
op((P*g)({zn}nes])) = (Fg)(dc)([{zntnes)),

i.e., ¢ is a natural transformation from Pt to F.
Next, we verify ¢ = ¢ onp. Let C € C and 2 € PC. Then (¢¢ o (np)c)(x) =
dc({(Ph)(z)}rete) is a unique y € FC such that

Vh e to, (Fh)(Y) = daomu (Ph)(@). (3.3.11)

On the other hand, since ¢ is a natural transformation from P to F,

Vhete, (Fh)((¢0)(x)) = ddomn) ((Ph)(x)) = (Fh)(y) (by (B3LT)).

Since t¢ € J(C) and F is separated, this implies that y = ¢¢c(x). Therefore, ¢ =
¢ onp. The proof is complete. ]

The following two lemmas are central results to prove Theorem B=3.

Lemma 3.3.3 Let P be a presheaf on C. Then PT is a separated presheaf on
(Cv‘]) O

Proof Let C € C, Q € J(C) and « = {xf}fcs,y = {yq}ger matching families for
some S,T € J(C) such that for all h € Q, (P*h)([z]) = (PTh)([y]). Namely, by
the definition of P,

VheQ, [{znp}pens)) = {yng bgrensn)-

For each h: D — C € @, by the definition of ~¢, there exists Rj, € J(D) such that
Ry, C h*(S)NA*(T) and zp, = yp, for all 7 € Ry,. To show that PT is separated, we
must show that there exists R € J(C) such that R C SNT and z, =y, € PC for all
r € R. To this end, let R :={hr |h € Q, r € R,}. Then R is a sieve on C and for
all h € Q, h*(R) = {s| hs € R} D Ry, € J(D), so h*(R) € J(D). By the transitivity
axiom of J, R € J(C). On the other hand, let hr € R for some h € Q and r € Ry,
Then r € R, C h*(S)Nh*(T), i.e., hr € SNT. Therefore, J(C) 3 R C SNT and for
all r € Rz, = y,, i.e., [x] = [y]. The proof is complete. [ ]

Lemma 3.3.4 Let P be a separated presheaf on (C,J). Then PY is a sheaf on
(Cv‘]) O

Proof Let C' € C and {[xf]}jcs a matching family of P+ for S € J(C). Note that
forall f: D — C €S, y is a matching family of P for some Sy € J(D) and denote
it by 2y = {x¢n}nes;. The condition that {[xf]}ses € Match(S, PT) implies that

Vf:D—=CeS Vg:D' =D, (Prg)lay]) =[xy,
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that is,
Vf:D—=CeS Vg:D' =D, [{xfentnegspl=[{zrgntnes,,]

By the definition of the equivalence relation, there exists Ry, € J(D') such that
Rfg C g7(Sf) NSy and

Vr € Rﬁg, Tfgr = Tfgr: (3312)

Let T :={fg|f €S, g€ Ss}. Then T is a sieve on C. For each f: D — C € S,
[*(T)=A{t| ft € T} 2 Sy € J(D). By the transitivity axiom of J, T' € J(C'). Now,
we define a matching family y = {y; }+er of P for T by

yi:=xrq (t=fg, f€S,geSy).

Firstly, we must show that the definition does not depend on the choice of f and g
such that t = fg € T. Let t = fg = f'¢’ for some f,f' € S, g € Sy and ¢’ € Sp.
Then there exists Ry g, Ry g € J(D') and Ry g N Ry oo € J(D'). If r € Ry g N Rys g1,
then

(Pr)(zs.g) =2 fgr
=zfgr (by (B312))

= If’g',r
=XTfr g'r (by (m))
= (PT)(al‘f/’g/).

Since P is separated, x4 = zf/ . Hence, y is well-defined.
Next, we verify that y is a matching family. To this end, let fg € T for some
fi:D—-CecSandg:D — DeS;and h:E — D'. Then

(Ph)(yrg) = (Ph)(zf,9) = Tf,gn = Ygh-

Hence, y € Match(T, P). Therefore, [y] € PTC.
We shall show that [y] is an amalgamation of {zf}scg, i.e., forall f: D — C €

S, (PTNH([y]) = [x4], Le.,
Hysotoer- )] = Hasg}ges,] € PTD.

Since for all f : D - C € S, Sy C f*(T) = {t| ft € T} and for all ¢ € Sy €
J(D), yrqg = x5,4. This implies that {yg}sep-(1) ~D {Zfg}ges,. Hence, [y] is an
amalgamation of [{x} res]. By Lemma B33, P is separated. Therefore, this amal-

gamation is unique. Consequently, P* is a sheaf on (C, J). The proof is complete.
Definition 3.3.5 (the associated sheaf functor) We define a mapping

a: Sets®” — Sh(C, J)
as follows:

(i) a(P) := (PT)* for P € Sets®”;
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(ii) a(¢) := (¢7)* for a natural transformation ¢ : P — Q in Sets® . o)

Since plus construction + is a functor, so is a and is called the associated sheaf functor.
By applying Lemma B=332 twice, for any presheaf P on C, fjp := np+ onp also has
the universal mapping property.
We claim that 7 := (7p) pegetsco® : idgegscor — %@ is a natural transformation. To

show this, it is sufficient to show the following commutativity in Sets©”

p- pt

|

QTQ—F

for all P,Q € SetsC” and all natural transformations ¢ : P — . To this end, let
C € Cand z € PC. Then

(@) o (np)e)(@) = (¢7)c((np)c(2)))
= (@N)c({(PH(@)}retc])
= {baomp) (P)(@))} rete)]-

On the other hand,

((n@)o o (90))(x) = (ng)c(¢c(x))
= [{(@f)(¢c ()} retc]
= [{@aom(r) (Pf)()}retc]  (by the naturality of ¢).

Thus, ((¢7)c o (np)c)(x) = ((ng)c o (¢c))(x) for all C € C and all z € PC. Hence,
¢t onp =nq o ¢. By replacing P, @ and ¢ by PT,Q" and ¢, respectively, we have

(M)t onp+ =ng+ o ¢t. Therefore, we obtain the following commutative diagram:

Np+

p- pt L (Pt

qu( O lw @ i(d)*)*
Q—” QT — 2 (@)
Consequently, 7 is a natural transformation from idgggcor to za.

In conclusion, for the inclusion functor i : Sh(C,J) < SetsC™, there exists the
associated sheaf functor a : SetsC” — Sh(C, J) and a natural transformation
7j : idgegecor — ia such that for each P € Sets® ", fjp : P — ia(P) has the uni-
versal mapping property. Consequently, a is a left adjoint of the inclusion functor
i:Sh(C,.J) < SetsC” | ie., a i and 7 is the unit of a 4 .

By Lemma B=3T (ii), for any sheaf F on (C,J), ng is an isomorphism. Hence, we
can construct a natural isomorphism é = (ér)pesn(c,s) : @i — idgn(c,s) by setting

= (fir) L. Then £ is the counit of a +i. We have the following corollary:

Corollary 3.3.1 Let (C,.J) be a site, i : Sh(C,.J) < Sets® the inclusion functor
and a : Sets®” — Sh(C, J) the associated sheaf functor. Then

oi:Sh(C,J) = Sh(C, J) (3.3.13)



15 naturally isomorphic to idsy(c,)- O
To complete the proof of Theorem BZ3, we shall show the following lemma:
Lemma 3.3.5 The associated sheaf functor a preserves finite limits. O

Proof It is sufficient to show that the plus construction + preserves finite limits.
To this end, let ¢ € C and S € J(C). Then Match(S,—) : Sets®” 3> P —
Match(S, P) € Sets is a functor. Since every matching family can be identified

with a natural transformation, i.e., there is a natural isomorphism
Match(S, P) = Homggsgoor (S, P),

where we identify S with the subfunctor S C y(C), and the Hom-functor

Homg cor (5, —) preserves limits, we have
Match(S, T&lielﬂ) = T&lieIMatch(S, P)

for any finite diagram {P;}ic; (I is finite) in Sets®” . Recall that PTC =
lim 5 C)Match(S, P) and J(C) is a filtered category equipped with reverse inclu-
sions, since for all S,T € J(C), SNT € J(C). Since filtered colimits commute with
finite limits in Sets [2, p. 211], we obtain

(Jim,  P)*C =lim, . Match(S, im, _ F)

= lﬂSeJ(C)hm Match(S, F)
= lim, _ lim e Match(S P)

~/ +

~lm,_, (P70

>~ (lim, eIPJF)C’ (.- limits in Sets©” are computed pointwise).

This implies that Qin EIP) = Qﬂ Pi+, i.e., + preserves finite limits. The proof

is complete. [ |

With the above lemmas, the proof of Theorem B3l is complete.

£ 3Hk
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There is a large cardinal in St. Louis,

and there is no word about how mad his family is.

They are inaccessible, indescribable, ineffable,
shrewd, ethereal, subtle, and remarkable.

It is what forced him to disclose his vice.
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MR AR HAKRFERES XUERERHME L —FRARMER (Qotb_btb) T . 4 & FiE|FEkk~ =
TYIRHNBIZRDZEUEDN, =Ty 2R7EZFRGFELL, MENEBIZZULLLR->T
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