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n=1

00000000000 ,Q,0 {Qulnen000000.



22

020 000000

Proof. 00 S 1 Q, S8 1L Q",Q 1L QDODODOOS 1L (Q+QHDDOODO
00000S L Q.S 1L Q' Q L Q0000000 Daxiom EZBO0O0D0D0D
000 Q”DODDO0OO0Q” =S+Q +Q'. 0000000000 «00000
ma(Q") = me(S) + ma(Q') + me(Q”) < 100000000 axiom EZR 00O
Mma(Q) + ma(Q") =meo(Q'+Q") DD D000 0O000M(S)+ma(Q +Q") <1
00000000000S L(Q' +Q") 000D

00000000000 neNDODDD Q, <RODDOOO (1—-R) LQ,(ne
N)0DD0D0O00D0DD0D00000000000000000000 NeNOOOO
1-R L YN Q.,0000000000 Y.,Q, < ROOOOOOOOOD
000 a0000 mo(N_,Qn) <mo(R)ODODDOOYY @, 0000000
SN ma(Q,) <me(R)0O0DD0000000000000000%,ma(Q,) 0
00000, ma(Qn) < me(R)DDD00000 200000000000
Yo, Q. <ROODO. O

000 AD00DO0O0O00O00000O00000O00000o0o0ooooooooo
Definition 2.4.8 (OO0OO0O). OO
qg: BR)> E—q(F)eZ (2.16)
gbooooooobobobobooooooog

(i) q@) =0, ¢R)=1,
(ii) VE,VF € B(R), ENF = = ¢(E) L q(F),
(i) 00000 BorelDOOO {Ep}nen € ZR)NOOOO

a3, En):iq(En). (2.17)
n=1
Fact 2.4.7. 000000 D0OOO0DOOODOOOODOOOO
Q(A,): BR) > Es QA E) e & (2.18)
O00000Q(A4,)00D0000ooo.

fact EZO 0000000000

Fact 2.4.8. 000 A, BOOOOOOUOOODOODOODOOOOOOOOOQ(A,:) =
Q(B,)0000DA=BO0OD.0D00000ODODOOODOOODO

0 ={Q(4, ")} aco- (2.19)
gobodoboboobooboobbooboobboobuoobbooboo
Axiom 2.4.7. 00000000 ¢q0ODO0UO0OOODOO AODODODOg=(A,)D0O0.

Remark 2.4.3. axiom ZZ10 00000 AD fect PZ 3000000000000
artom ZZ 100 0000000000000 DO0ODOOOOOODOO0O.
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Theorem 2.4.2. 1: Z3>Q— 1—-Q =: Q+ € £ 0 orthocomplementation 0 0 0 0
gooouooooood

() vQeZ, (@H)'=Q,
(i) VQ € £, Q +Q+ =1,
(iif) YQ1, VQ2 € £, Q1 < Q2 = Q3 < QF.

Proof. (i) Borel 0O f:R2>2+—1—-2€eROODOD0OO0O0O0O0O «0000OO

ma((Q7)F) =p((Q) ", ., {1})
(@), e, fH({1}))
(@Q*,a,{0})

(@, f71({0}))
(Q e, {1})

0o0ooooooo (@Yt =@.

(i) Q L Q00 Q+ QL0 well-defined 0 000000000000 000000
00000

ma(Q) + ma(QL)
=p(Q, o, {1}) + p(Q, , {0})
p(Q, 0, {0,1}) =1
=p(l,a,{1}) = ma(I)

ma(Q + QL)

000000000 Q+Q*+ =1.

(i) Q; <Q, 0000000000 0000 ma(Q1) <ma(Q:) 00000000

ma(Q1) < ma(Q2) (a€S)
& p(Qr, o, {1}) <p(Q2,.{1}) (a€S)
& p(Q2,0,{0}) < p(Q1,0,{0}) (a€S)
< Ma(Qy) <ma(Qr) (e €S)
O00000000 Qf < Qr. O

theorem EZZ2 0000000

Fact 2.4.9. Z 0 o-orthocomplete 0 000 de Morgan 00000000000 OCOCO
0000000000000 {Qulnen € £N0000000 AX,Q,00000

n=1 n=1 n=1 n=1
Theorem 2.4.3. £ 0 orthomoduler 0000000000 ODOODO

Q1<Qa=Qa=Q1+(Q1+ Q) (=Q1+ (QF AQ2)). (2.21)



24

020 000000

Proof. Q1 < Q000 Q; L Qy 0000000 DaxiomZZBO0 Q1+ Q5 € £ 0
oo «oo

ma(Q1 + Q2l) =ma(Q1) + ma(QzL) > ma(Q1)

00 Q@ <Q+Qy0000 Q; L (Q1+Qy)* 0000000000 axiom 228
00 Qi+ (1 +QF) e £00000000000000 0000

ma(Q1 + (Q1 + QQL)L) =ma(Q1) + ma((Q1 + Q2L)L)
= mq(Q1) + 1 —ma(Q1 + Q3)
= ma(QQ)'

000000000 Q1 <Qa= Qy=0Q1 + (Q1+ Q)L N

ooooocoooocooboooooon

Theorem 2.4.4. 000 & O azxiom 00 ariom EZ100000000-
orthocomplete orthomoduler 00 0000000000000 00X 000000
00 ¢-00 200000000 {malaes 10000

000000000000 00 XO0OMackey 0OOQOOOOOOO0OOOOOO
Mackey 00000000000 0O0O0OO Hilbert 000000000000 O0DOODOO
gbooboooooooogo

Axiom 2.4.8. 000 6000 0000000000000 HidbertD ODOOODOO
oooooooooooooboocoooog.

axiom P28 000000Mackey0 000000000 Hilbert 0000000000
cobooooooooobooboooooobocobooobOOoOoOoOoboboOobOOoOooboOoooo
O00O0 1010 Hibert 0000000000000 O0DO0O0OOOODOOOOOOOO
000000000000 Gleason 00O (2]

D000000exiomPAR OO0 6000000000000000000O000O0O
O00Mackey 00 axiom P23 00000000000000000O000OOO0OOO
0000D0000000000000D00000000E3n

*17 goooO0oO00D00000Do0O00 BOOOODODOODODDOODODOOODODOOODOOOOOOOD

This axiom has rather a different character from axiom ZZ=2 through axiom ZZ=4. These
all had some degree of physical naturalness and plausibility. axiom PZZS seems entirely ad
hoc. Why do we make it? Can we justify making it? What else might we assume? We shall
discuss these questions in turn. The first is the easiest to answer. We make it because it
“ works”, that is, it leads to a theory which explains physical phenomena and successfully
predicts the results of experiments. It is conceivable that quite different assumption would
do likewise but this is a possibility that no one seems to have explired. Ideally one would like
to have a list of physically plausible assumptions from which one could deduce axiom PZZS.
Short of this one would like a list from which one could deduce a set of possiblilities for the
structure of .Z, all but one of which could be shown to be inconsistent with suitably planned
experiments. At the moment such lists are not available and we are far from being forced
to accept axiom ZZ3 as ligically inevitable. On the other hand, this axiom is by no means
as completely ad hoc as it appears at first sight. If we replace the question, “What must &
be?” by the easier one, “What might we expect .£ to be, given that natural laws are usually
simple and elegant?”, we find that we are led to a number of possibilities for axiom ZZ= that
do not differ very much from the one we have adoped.
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Mackey OO0 0000000000000 O0O0D0OOO0O0O0OOO0O199 00000
0000 [@o000000000000o0O0ooooooo

Axiom 2.4.9 (00D0O0OO0OO0). (1) 00 Z0 separable0000000O0OOODO
gobooboobbooboobo
(i) 00 a 000 Q, Q20 ma(Q1) = ma(Q2) = 00000000000 RO
Q1,Q: < RO my(R)=000000000000.

axiomZZI9 0000000

Fact 2.4.10. J0O00O0O0 «O0ODOOO

me(Q) =1 R<Q (Qe2) (2:22)

000000 ROOODO0OODO0000000 RO supp(e) D00. 0000 Osupp(a)
0{QeZ my(Q)=1}0000000.

Proof. 00000 «00000000N, :={Q €.Z|ma(Q)=0}0N, :={{Q;}; C
NoQi LQ;(i#4)} 00000N,0000000000000000O0000O0O0
000000000ZornOOO00O0000 {QM},, € N, 000000 axiom Z29(i):.%
0 separability 0 0 #{QM},, < Ry B0 00 0 O theorem 2Z20(Kadison) 0 0O {QM},,
000 Y,EMOoooooooooD ReZ0000R=),QMO00ooooooo
0000 neNDOODD QM eN,DOO

ma(RY) =ma(d_ Q) =) ma(@y') = 0; ma(R) =1

oooooo

0000 QUDOO0 me(Q)=0:Q € N,OODDOO axiom EZW(ii) 0000 P
0000 Q,R*<PO0 m,(P)=0000000000000Q«R-000000
£ 0 orthomodularity 0 R* < P00 P=(PA(RHY)+R*0000 0=mu(P) =
Ma(PAR)+ma(RY) 0000me(RY)=0000000 me(PAR)=0: PARE N,
oooo

O0OPAR<R=A, QM <@QM*neN)DOPARLQM (neN)DOO
O0OPAREN,000000D0{PARYU{QM), ceN, 0000000 {QM},000
O000000D00D0 Q<R+t0O0O0OO

0000000000 QU000 me(Q)=0=Q<R'0000000000000
00 QU000 me(Q)=1=R<QUD0I0mMu(R) =100 R<Q =ma(Q) =1
Ooooooon

0ooooooooo. O

0000000000000 0Hamibon 00 0OD0O0OO0O0OO0OO0OODODOOOOOOOO
gobooboooobooboooboobboobobuoobbobobuoobboooboo
O000O0000U00oUooooooooDirac000O0O0OO0OODOODOOOOOOOOOOO
gobooboooboobooobooboobbuoobbobobuoobboooboo

*1I8 N0 X0OO0ODO #X0 XO00DOOROOOOOO0OO00O
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Axiom 2.4.10 (00O0OO0OOOOOO). () DooO0o0oD0DoOoOOoO0O UOOOUOD

(i)

0000 «000000m,(Q)=1000000
a0000000000aO me(supp(e)) =1000000000000000
oooo

axiom P29 0 axiom 22100000000

Fact

(i)

(iii)

2.4.11. () 0000000000 PO0OOOOD 00000 P = supp(e)
oooooo

0000 0000 supp(a) 0 0 atom ™2 000000000 Z0 atom
POOODODOOODOD «00D00OO0DODOO P=supp(e) 000000

00 20 complete atomistic B9 lattice 0 0 0 .

Proof. () 0000000 POOODODDODDO0O0ODaxiom Z210(1) 00000

(iii)

0B0 meg(P)=1000000000000000 Wp:={Qe Z£3PB¢c
S, mg(P) =1, Q =supp(B)}0Wp == {{Qi}i C Wp| Qi L Q; (i #j)} 0D
OCO0O0wpOOUOOOODODODOOODOOUODOODDOOODODOOODOOUODODOO
00ZornODDDDODODOO {QM}, € Wp 00000 0 axiom EZZA(H):.% O
separability 0 0 #{QM},, < R0 000 Otheorem 2ZZ0(Kadison) 00 {QM},,
D00 R:=3,QMO000000QM eWpODOODOOOO neNDOOODD
0, 00000 QM =supp(ay,) 00O DOODO

axiom PAFO 0000 100000000000 {tn}n (ta > 0, 3,y = 1)
000000 a:=),ty, 00000supp 00000 R = supp(a) 000
0000000000000 00RneNDODOOO m,,(P)=1000000
00000 R =supp(e) 00 ma(P) =3, thma,(P) =1 R< POZLO
orthomodularity 00 P = (PARY)+RO0DD00O00 PARY #0000
0 fact CZIO 000000000 {PARY}U{QMY, e Wp OO DD {QM},
OD0D0000O00000000RAR:Y =00000P = (PARY)+ROOD
P=R=supp(e) DOODODODO.

0000000 «o00000000OR:=supp(a) D0O0ORO atom 00000
0000000000000 00 POOOOO P< ROaxiomPEZZ10() 0000
0 A00000 me(P)=1000 mg(R) = 10 axiom EAI(i{) 00 o = B0
000000 R=supp(a) =supp(f) < POOODOOOO P<ROOODOD
0000 RO atomOOO.

PO 20 atom00000000 axiomPZZIO(H) 000000 o me(P)=1
00000000000 O0fact 221000 R :=supp(e) 000 Osupp(a) 000
00 R<POOOOPO atomOO0O P =R =supp(a)d

0000 axiom EZTO(G) 0000,

complete lattice 0 0000000 DOO0OD0OO [ 00000OD00OO

*19
*20

000000000000 X0 atomO0 Z2\{0}0000000OO

lattice .2 0 complete 000000000 00000 X0OOOO VXDDDDDDDDDDD
ooad \/DDDDDDDDDDDDDDDDDDDDDDDDDDED

000 0000 lattice Z 0 atomistic 000000000 00000 z€e £200000atom 00
{ax}rea 00000 2=V, 40, 00000000000
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atomicEA0 000000000000 00000000000000000 atom
00000000000 complete orthomodular atomic lattice 0 atomistic O
O0000000.0000 Z0 atomicO00000O000OO
axiom EZZI0(1) 000000000000 POOOOOOO00D ad me(P) =1
000000000000 fact 2ZZ211(i1) O O supp(a) O atom O 0 O O supp(«)
00000 supp(e) <K PODO0ODOODO Z0 atomic.

O

fact EZ0 0000 0 atom 0 SOO0O00O0O0O 10 1000000000000
OO00OHilbert 00 000000000000 HiIbert 000 1000000000000
oooooooooooboooooboooboooooooooob atomOOgonDoOOO

Definition 2.4.9 (0000O0). X0 atom RO 2000000 atom P,QUOODO
O000OD00O00OR#PQRUOR<PVQUOOOOOOOOO.

definitionZZ9002000000000000000000O00000OCOO0ODOOO
oooboooooooooooooobooooobboooon
oobooooooOoooobOoboOooooOoOoOooOboOooono

Axiom 2.4.11 (00000000). (i) 2000000 atom P,QOOODOOP,Q
000000000000000000O0
(i) atom RO 2000000 atom P,QOOOOOO0DOOO0O0O0O0PO QROODO
00000000QO PROOOOOOOODOO.

Theorem 2.4.5. Mackey 00 0 0O aziom 00 axiom BZ 10 axiom BZ.3,
azxiom 710, axtom ZZ 110000000 & 00 Odrreducible complete orthomodular
atomistic lattice 0 covering DE2 00000 000000000 20000000
x 000000 DO DOODODOOOOODOOD VOVOO*=-O0O00OO (,»0000
oozovao (-,->—DDDDDEDDDDDDDDDDDDDDDDDD.

Proof. 0000000000000 0000000 Varadarajan 0000000000
00000000 B0 p. 20-1790p. 179, Theorem 7.40 000000000000
0000000, 0000 axiom BEATN() 0000000000 axiom ZZTI(i) O 0
covering 000000 [50000000000 O

Axiom 2.4.12 (00000000000000). 0000000 200 atom P,Q O
0000 VO 1000000 Mp,MogOOOOOVOOOOOOOOOER UpyO0O
0000Upg[Mp]=MoDOODDODO.

*21 000 0000 lattice .2 0 atomic 00000000 x(#0) € 20000 atoma € 20000
Oae<z2000000000

*22 Qg0 0000 lattice £ 0 covering 0000000000 atomae € £0000 z€ 20000
aAz=0=cKzVelODDODODOODODOOOOOO akbO a<bOOOOa<c<bOOD
ce2000000000000eD bOOO0DODOOOMNM

*23 (w0000 20000000000000000D0000OM CVODODOOODO (,)-0000D

&L (MYt =M, (Mt ={ye Vv e M, (z,y) =0} 00.

*24 Do DOOOOODOOOO VOOOOO U:V—-VvV0O0000000000000¢(¢,-)00000
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Theorem 2.4.6. DOOD *0000000VODOOODOOODO0OO0O(,.)0 VO
0«000000000VO000000 (,)000000100000000000
00000000000000000DO0D0 ROOODOO0 COOO0OD00HODO
0000000V O ()0 Hilbert00000EA,

Proof. 00D00O0O0DOMOOODDOOO. O

Theorem 2.4.7. ariom ZZ 400 ariom ZZA0000000 6000 X0 Z 0O
0000000 {mataecs O aziom BZ900 aziom BZ120000000000 Z
ODOOOOO HilbertOOOODODOOOODOOOODOOODODOOODOOOOOOO
O0DO0O0OO0O ROOOOO0 COODOOOO0OO0 HOOOOOOOO.

000000000 2000 Hibert OO 0000000000000 0OOO
000000oooooooo0o000o00 X000000oooooooooogg
000000000000000000 0000000000 1010000000
gooboooo

0000000000 Gleason 000 [2) 000000

Theorem 2.4.8 (Gleason, 1957[17]). »# 00 00 Hilbert 0 00 dims > 300
00¥Y(»)0 s 00000000000000000O0O00Y(»)00000OO
m: L () —[0,1] 0

(i) 0000D0000000000 {M,}neny € Z(s)N0000

m( \/ M) = Z m(My),

neN

000000000000000 X(») 000000 mO0000 0000000
p: p>0,tr[p]=1000000000

m(M) = tr[pPM] (Me2)
000000000 PMOoOoOoOoOo Me%(»)0000O0O00OOOOO.

Proof. 00000000 0ODODOODOOOODOOODODOOOOD B0 OOOOOO
0000000000000 D=R,dm#=30000000000000 2000
gboooooooboobobobobooooooooob. O

gobooobooboooobd

ooooooooo

Ve,Vd € D, Va,Vy € V, U(cx + dy) = cU(z) + dU (y),
Va,Vy € V, (U(z),U(y)) = (z,y).

*25 00 «0000 RODODOOOOOOOOO COOO0O0OO00 4000 HOODO 400000000
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Theorem 2.4.9. 000 & 0O axiom 00 axiom ZZ000 axiom 2300
ariom PZ13000000000000000

() 000 600 100000 Hilbert0O 2 00000. 000 # 0 D=R,C
000 HOO HibertDOODO.

(i) 0000 #000000000000000.

(ili) dim»’ >30000000 0000000 p:p>0,trfp)=10000000

(iv) 00 p0000000 AO BorelDD E0DOODOODD tr[pQa(E)] 000
0Q4(E)0000 ADDODODOODOODOOODO0OO0OD E0DOO.

0000000000000 dims# >300000000000000000000
00000000000000D=C,dim# =200000000000000000
00000000000000 [@B000000000000000000000000
000000000000000000000000000D=C,dm# =2000
0000000000000000000000000

O0OMackey 000000000000 Hilbert 00000000000000O0
000000000000000000000000000000000000000
000000000000000000000000000000000000000
000 axiom EZ000000000000000O00O0OO000OOO00O0O0OO
000000 axiom EAZIO0O0000OO000O000OO0ODOOD 0,1000000
D00000%(»#)00000000000000000000000000000
000000000000 BOM € Z(»)0000 & VN € Z(52), [PM,PN] =
PMpN _pPNPM 00000 Y(»#)0000 0,10000000000000000
000 Hilbert 000000000000000000000D00D0DO0OOOOOO
00000 “0”’000000000000000000000000000000000
00000000000 00000000000000000000000000000
D000 0 Boolel 0000000000 O0DOONDOOOODODOODODODODO
00000000000 00000000000000000000000000000
0000000000000000000000000000000 DiracO000O0O
00000000000

000O0Mackey 00000000 Hilbertt 1000000000000000000
00000000000000000 Hilbert 000000000000 Hilbert 000
00000000000 00000 Hilbet 00ODO0DODDO0O0DO0 40000000000
0000000 3000000000000000000000000000000O00
000000000000000000000000000000000000000
0000000000000000000000000000000000000000
000 Hilbert 0000000000000000000040000 Hilbert0OOO
0000000000000 000000000000000000004000000
0000000000000000000000000000000000 20000

000000000000 D0D0 000000000000000000000O00O00D0
O Eg

*26 Birkhoff 0 von Neumann 0000000000000 000000000 40000000000
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oooooooooooboooo

OOO0OHibert 000000000000 O0O0O0O von Neumann OO OO O0O0OOO
0O OBirkhoff 0 von Neumann 00 0000000000000 O0O0O0OOOOOOOO
O0000000000modular 0000000000000 O0DODOOOOOOOOO
oooo

000 Mackey DO DO OO0O0OO0OO0O“C0000000000DO00000000
0000000000000 000000000D0ODO0O0OH ibert OOOOOOODO
coooooobooooooooooooooboooooboooooon

ooboooooobooooboooooooooOooOooboOooobooOoOoooooOooDnn
ooooooobooooooboooooboooooOooOoobooboobDobOobOoDOoDO
ooo
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030 0000000000

00000000000 FADOOOOOOOOOOOOOOO0O0O0O0O0O0O0000O0O0OO
000000000000 FAOOOOOOOO HPOOOODODOOODOOOOOODOO
cooboodooboooobooooboooooooooooooooooooooooonog
O0oooHPOOOOOOOOODOOOOODOOOOOOOOOOOOOODODOOOOO
ooo
tooooocoboocooOooobOoOooOoOOoOoo0bOOoOoOoOoOooOoOoOoboOoboOoooo
O000o00o0O0000oooOO0000oOOO0OFADOOODDOODOOOOODODOOOOOO
cooboodooboooobooooboooooooooooooooooooooooonog
cooboooooooobooooboooooooOoOobooooboooobooOoooooag
oooooooobooooooooooooooboooooo0oooboooooooooDooo
coooooooOoboOobobooooooooOoOoboOoOoOoOooonn

3.1 DO00OO0oOooooooog

FAOOOOOOOOOOOOOD HPOOODDODODOOODOODDOODODOOOOODOO
0000000000000 00000 MODOD0O0D0D0 FAOODODODOODOODOOO
O000ooooHPOOOODODODOODOOOOOOOOOOOOOOOOOOOODOUOO
O0000000oooooooooooooHPOOO

00 FOO =00 GOO < 00 FOOO Gooo

00000o0oo0@o0 FOOO GOOOOOODOOOOFOOODOODOO GOO
coooboodoboooobooooboooooooooooooooooooooooonog
oooocooooooOoo0o0oobo0o00000 =200000000000000000O0O
goooOoOoOoOoOoOoOoOoOoOoOoOOOOoOOOoOoHPOOOOODOOOOOOOOOO
0000 HPOOOODOOOODODOODOOOODODODODFAOD HPOOOOOOODOOOOO
oooooooboboooo
FAOOOOOOOOOOODOOOOOOOOOO0O0OFAOODOOOODODOOODOOO

1. 00o0oooood™a,b, e, d,m,n,z,y,z,: -
2. 000000000000 MmMEG,H,---
3. 000000000000M¢,%,:--

FAODODOOOOOOOpOOOOOODOOOOOOFpzODOOOOOOOODDODODOOO
goooooooopoooooooooooOomoD FOoOODOODODOOODOOO 20
coboobooooboooooooboooooboooboooobobooboooooooag
OpOobOO0OO00OO000O0O0Cb0cO000O0OO0O0O0oO0Oo0obObocmOoOooobOoooboOoooag
ooooooomooooboobOooboobo0ooboooooobooDtxDO00O0OO0OO
ooooOoOoOoooOooOoOo0m M0 00F ex000000O0O0ODOODODO
FAOOODOOOOODOOOODOOOOOOD

Fx, zoy, Fnx

0000000000000 000000ooooooooooooog FAOOOO
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Oo000ooooooboooobooooooooooooboooonDo
x=y < VF(Fz <+ Fy)
Ogodoooooooboooooooooooao

F =G < Ve(Fr < Gx)

ooooogd
FAOOOOOOOOOOOOOOOOOOOOOOoOOoOOoOooooooooooo
ooooooo

JFVaz(Fr < A(z))00000A(z)0 FOOOOODOOO FAOODO
JpVavy(xdy <> B(x,y)))00000B(z,y) 0400000000 FAODD

OCOOD0DFAQOOODOOODODOOOODODOHPOOOODODOODOOODOOODOO
OCHPUOOODOOUOODOOOOOOOODOOODOOOOOO0OOOO NumbersOO OO
gobogoooo

Numbers : VF32VG(Gnx + FeqG)

000m3200000000003AzA(z)00O
J2(A(z) AVy(Aly) 2 =y))00000y0 A(z) 000000
00000000000 M FeqGUOUOOFO GOOOOOOODOOO

Jo(Vy(Fy — Iz(ypz A Gz)) AV2(Gz — 3ly(ypz A Fy)))

000000000 Numbers 000000000 D0OO0O0OODOOODOODOOOOOOO
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